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PEEFACE. 



A great lover of geometry used to remark, " without 
the geometrical faculty we should be idiots"; that is, 
unable to differentiate the forms of objects, we could 
not tell one from another. 

In the kindergarten and the lowest primary grade 
the child is introduced to geometry in art, and there 
seems to be no good reason why in the sixth, seventh, 
and eighth grades he should not be introduced to 
the science of geometry, in its elementary concepts, 
definitions, and methods. 

Traditional methods of studying geometry, and the 
difficulty of selection from the ordinary text-book, 
stand in the way of its introduction into the grammar 
school. 

Teaching by dictation has been carried to excess 
in all branches, and the Socratic method, originally 
used to refute erroneous opinions, may easily degener- 
ate with pupils who have no opinions of the subject, 
correct or erroneous, into — 

" Letting down buckets into empty wells 
And growing old in drawing nothing up." 
CUi) 



IV PREFACE. 

To learn from the printed page is a most valuable 
part of the pupil's education. For this reason the 
pupil is expected to make the diagrams for the text, 
unaided by the teacher. 

In geometry, as in other branches, the pupil will 
learn only what he wants to know. To implant this 
want in the pupil's mind skilfully, and at the same 
time not to tell him what with proper effort he can 
find out for himself, distinguishes superior teaching. 

I wish to thank the publishers for the great pains 
they have taken to have errors in the copy and proof 
corrected, and also all who have kindly read the 
proof, and made valuable suggestions and corrections. 

E. H. 



PART I. 



LESSON I. 

To go from one place or point, -A, to another place 
or point, J?, we start from A> and move all the time 
towards B, without changing our direction, if possible. 
All animals, including insects, will do the same thing. 
They seem to know as well as we d6, that a line 
that does not change its direction — that is, a straight 
line — is the shortest distance between two points. 

What is a straight line? 

A straight line is a line that never changes its 
direction, or, It is the shortest distance between two 
points. 

Only one straight line can be drawn between two 
points. 

The ends of a line are called points, and the 
length of a line is the distance between these two)2><* M * jUMJk *~ i 

P° inte - <$f^eL k 

A line has only length ; no breadth, no thickness! —J* ' ***- * 

A point has no length, no breadth, no thickness. - r^ ,, 

Points are only places where lines begin or end, or 

cross each other, n^, -fc^ ^jul^jl ^S*^=r i=> «-^xr. 

The points and lines that we make with the pencil 9*^ <=*^ 

and crayon are not the real points and lines we talk v £TT,. '^ 

about in geometry: they only show us where the- ^''^ 

real points and lines are ; that is, right in the middle ^C*/^ * 

or the center of the dots and lines that we can see. e V*'* * v - 

(3) *w£x-~~ /v« ..c. ^* .^;jt w# 



LESSON II. 

a Jl^~j~*'~+) A surface has length and breadth, but no thickness. 
It is simply the outside of bodies. 

When the surface is flat or level, like the black- 
board, top of the table, or the side of a slate, it is 
called a plane surface. 

In geometry, we mean by a plane, a surface so 
even that a straight line drawn from any point in it 
to any other point in it will be wholly in the plane; 
that is, will touch it at every point. 

The word Zme, used alone, means a straight line. 

We can imagine a line made by a point moving 
in a plane. All the lines we shall talk about in the 
p v Cw 2- first part of this geometry are supposed to be drawn 
/^swA^i^in the same plane. 

^Jv-aI^l- Two or more lines having the same direction are 
. — called parallel lines. 

Two lines drawn so as to make a square corner, or 
angle, are perpendicular to each other. 

Two lines, having different directions not perpen- 
dicular, are oblique to each other. 

If a line be drawn in a plane, any other line, drawn 
in the same plane, must be oblique, perpendicular, or 
parallel to the line first drawn. 

A line parallel with the horizon or bottom of the 
page we call a horizontal line. 

A vertical line is the direction of a plumb line. 
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Draw several kinds of lines. Test straightness with ' 
ruler. 

Place two points ; measure the distance between 
them. Draw a short line ; another ; one equal to 
both. 



LESSON III. 

Draw the different kinds of lines, 2 inches long; 3 
inches ; 4 inches. (Freehand.) Name them. 

Draw three short lines ; one equal to the three. 

Draw four lines, 2 feet long, J inch apart ; £ inch ; 
J inch. 

Draw four parallels on the blackboard, 3 feet long, 2 
inches apart ; 3, 4, 5, 6 inches apart. 

To draw parallel lines on slate and paper, use the 
ruler and the graduated right angle or square, 3 inches 
by 4 inches. At the same time the pupil learns that 
two points determine the direction of a line. 

To draw parallels on the blackboard, use a square, 
2 feet by 3 feet. 

The right angle and ruler should be graduated to 
sixteenths of an inch on one side, and to millimeters 
on the other. 

[_Draw lines as above, using decimeters, centimeters, 
millimeters, until the pupil is familiar with the names 
and the distances they representTj 

Give a card, having lines of different lengths, to 
each pupil. Let him measure them by each scale. 
Compare results. 
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LESSON IV. 

To read a line, we use two letters. 

Name the starting-point or origin first, as AB or BA. 

In comparing lines as to length, say one is so many 
times the other, or that they are to each other, as 2 to 
3, 5 to 7, as the case may be. 

We do not write an inch as the fraction ^ of a foot, 
but as a whole number, the unit of measure. So, in 
measuring short lines, we can use the J, ^, £, -fa inch 
as the unit of measure. 

Draw a line | of an inch long. What distance 
'would the line represent, if £ represent 10 feet? 20 
rods ? 5 miles ? 

Draw a line 1J inches long. What distance will it 
represent on a scale of 20 feet to an inch ? 10 rods to 
J inch? 

Draw a line to represent 60 rods on a scale of 10 
rods to J inch. 

Draw a line 100 feet long, scale 10 feet to the ^ 
inch. 

Draw a line 100 meters long, scale 10 meters to a 
centimeter. 

Draw two lines; measure and compare them. 



(«) 



LESSON V. 

Estimate, and then measure: length of lines drawn 
on the blackboard, horizontal, vertical, and oblique. 

(1) Short lines in inches, centimeters, etc. 

(2) Longer lines in feet and decimeters. 

Each pupil makes careful record of estimate, or 
guess, before testing. 

Estimate and test: length and width of slate, desk, 
pane of glass ; width of aisle, door, schoolroom ; height 
of, and other objects. Average estimates of class. 

Also, estimate distances in yards, meters, rods, and 
miles. 

Let each pupil find his own height ; distance he can 
span with arms outstretched ; span of thumb and fore- 
finger; width of hand and length of forefinger; espe- 
cially, length of step in natural gait, taking the 
average of several steps. 

A line composed of two or more straight lines is 
called a broken line. Draw one from A to B ; also a 
straight one. 

Measure them : see which is the shorter. 

What is a straight line? 

Make and name the different kinds of lines. 

No time will be lost, if two or three weeks are put 
upon this important lesson. 



(7) 



LESSON VI. 

When two lines, AB, AC, are drawn from the same 
point in different directions, they make an angle. 

The point of meeting is the vertex of the angle. 

The difference in direction of the two lines is the 
measure of the angle. 

If there is but one angle at the point, we can read 
it with one letter; as, /.A. (Z is read 'angle.') 

If there are two or more angles at the same point, 
we must use three letters to read one of them ; thus, 
/.BAG, ACAD, etc., being careful to place as the 
middle letter the one at the vertex of the angle. 

When two lines, AB, CD, do not meet, we can pro- 
long them until they do meet, if possible; if not, 
draw a line from A, parallel to CD, and the ZA is 
their difference of direction. 

When a vertical line meets a horizontal line, what 
kind of angles are made? 

When they cross each other, how many right angles 
are made at the point of intersection? 

When a line makes right angles with another, one 
is said to be perpendicular to the other. 

All lines, not parallel, are oblique or perpendicular. 

Draw and name the different kinds of lines. 
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LESSON VII. 

When a point moving in a plane constantly changes 
its direction, it traces a curved line, or curve. 

A straight line can meet or cut another straight line 
in one point only. 

It can cut a curve in at least two points. Try it. 

What is a curve? 

It is a line that constantly changes its direction, or 
it is a line that can be cut by a straight line in at 
least two points. 

The most useful and common curve is the circle. 

Every point in it is equally distant from a point 
within it, called the center. 

It is very easy to describe a circle with the com- 
passes, or with a string and crayon or pencil. 

We have only to make a point move around another 
point which is fixed, keeping always at the same dis- 
tance from the fixed point ; the moving point describes 
a circle. 

The space enclosed by the circle is also called a 
circle. 

A line from the center to any point in the circle 
is called a radius ; as, (7a, (75, etc. 

Name objects of a circular form. All the lines 
you know. 
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LESSON VIII. 

The plural of radius is radii. 

A part of the circumference, as aJ, is called an 
arc. It is the measure of the angle made at the 
center of the circle by the radii (7a, Ob. 

Let BAG be any angle ; A is the vertex, AB and AC 
are the sides. 

The length of the sides makes no difference in the 
size of the angle. 

The sides do not change their direction. 

An angle is measured by the arc of a circle inter- 
cepted by its sides. 

The circle may have any radius whatever, but its 
center must be at the vertex of the angle. 

For convenience in measuring angles, every circle 
is divided into 360 equal parts, called degrees, written 
thus, 360°. 

A degree, then, is simply the 360th part of a cir- 
cumference. 

Draw a circle and a horizontal line PC A through the 
center, (7. Draw the vertical line, CQ. 

What part of the circle is intercepted by the radii, 
CA and CQ? 

How many degrees measure the ZACQ? 

What kind of an angle is an angle of 90°? 

How many degrees in the ZACD? 45°. ZACB? 
22£°. Draw them. 
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LESSON IX. 

Angles less than 90° are acute angles. Acute means 
sharp. 

Make several acute angles; estimate the degrees 
they will measure, then test them with the protractor. 
(Pupil must be told how to make protractor and 
how to use it.) 

An angle greater than a right angle is an obtuse 
angle. 

ZACJR is 135°. Make and estimate several obtuse 
angles. 

To estimate an obtuse angle, imagine or mark off 
the right angle ; then estimate the acute angle left, 
and add it to 90°. 

CP makes an angle with CA of 180°, or two right 
angles. That is, the opposite of any direction takes half 
of a circle, or 180°, sometimes called a straight angle. 

What is a right angle? An acute? An obtuse? 

For greater accuracy of measurement, the degree 
is divided into 60 equal parts, called minutes, written 
60'. The minute is divided into 60 equal parts, called 
seconds, written 60". 

Draw several radii of a circle. 

Name two angles that together make a right angle. 
Three. 

Name the angles that together make two right angles. 

When a straight line meets another straight line 
so as to make two angles, the angles are called 
adjacent angles. 

(11) 



LESSON X. 

A vertical line meets a horizontal line, making two 
adjacent angles ; what is each angle called ? What is 
their sum? 

When an oblique line meets a straight line, what 
is the sum of their adjacent angles ? Prove it. 

A vertical line crosses a horizontal line ; how many- 
angles are made; and what are they? 

When two lines intersect obliquely, on each side of 
each line are supplementary angles. Name them all. 

Two angles are supplementary when their sum is 
180°. 

What must the sum of all the angles made about a 
point be? 

What must be the sum of all the angles on one side 
of a line, the angles having their vertices at the same 
point? 

When two lines intersect, the opposite angles are 
called vertical angles. 

Vertical angles are equal angles. See if you can 
prove it. Number the angles, 1, 2, 3, 4. 

Angle 2 and angle 1 make 180°. Angle 2 and angle 
3 make 180°. What can you say, then, of angles 3 
and 1? 
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LESSON XI. 

Draw a right angle. Divide it by a line from the 
vertex. 

Each of the angles, BAC, CAD, is the complement 
of the other. 

To find the complement of an angle, subtract it 
from 90°. 

To find the supplement of an angle, subtract it 
from 180°. 

Draw an acute angle. Make its supplement. (Con- 
tinue either side beyond the vertex.) 

Draw an acute angle. Make its complement. 
Draw a line through the vertex _L to either side. 
(_L is read A perpendicular.') 

Make an angle. Make another equal to it. (Verti- 
cal angles.) 

What is the supplement of an angle of 25°? 75°? 
100* ? 

What is the complement of an angle of 20° ? 45° ? 
60°? 22£°? 

Define and illustrate: 

A right angle. Vertical angles. 

An acute angle. Adjacent angles. 

An obtuse angle. Supplement of an angle. 

Complement of an angle. 

Two angles at the same vertex, having one side 
common, are adjacent angles, but not necessarily sup- 
plementary or complementary adjacent angles ; to be 
such, their sum must be 180° or 90°. 

(13) 



LESSON XII. 

Draw two intersecting lines ; mark the equal angles, 
1, 1, 2, 2, or with colored crayons. 

Draw two other intersecting lines ; mark the angles, 
a, ft, e, d. 

Write equal angles thus : 

Za = Z ; Zb = Z ; Zc = Z ; Zd=Z. 

Draw three oblique lines through a point; mark 
equal angles, 1, 1, 2, 2, 3, 3. 

Draw the same and mark the angles, a, a, 6, 6, c, c. 

Again draw the same ; mark the angles in order, a, 
6, <r, d, e, /. 

Express the equality of the vertical angles, thus : 

Za = Z; Zb = Z; etc. 

Write the sum of two angles equal to the sum of 
two other angles, all possible cases, thus: 

Aa + b = A + ; Ab + c=A + ; etc. 

Write the sum of three angles equal to the sum of 
three other angles, all possible cases : 

Aa + b+c=A + + . 

Express that the sum of three of the angles is equal 
to 180°, all possible cases. 

If the sum of any two of the angles having a 
common side is 100°, what is the measure of the angle 
on either side of them? 

(14) 



If any angle is 45°, what is the sum of the two 
angles next to it? 

Change the position of the lines, letters, and num- 
bers, in several examples, until the equal angles are 
easily recognized. 



LESSON XIII. 

Draw a line intersecting obliquely two parallel lines 
(called a secant line, or transversal). 

How many angles are formed? 

Since the parallels have the same direction, how 
many different angles are formed? 

Letter the angles, a, 6, <?, d, and e, /, g, h. 

Name four angles equal to each other. Four others. 

For convenience of reference, these angles are 
called : 

If within the parallels, interior angles. 
If without the parallels, exterior angles. 
Read the exterior angles; the interior angles. 

If on the same side of the secant line, not adjacent, 
any two angles are called opposite angles. 

On each side of the secant line, we have, then : 
Opposite interior angles. Name them. 
Opposite exterior angles. Name them. 
Opposite exterior and interior angles. Name them. 

(15) , 



Two angles, not vertical, not adjacent, and not on 
the same side of the secant line, are called alternate 
angles. Name them. 

Alternate angles are either exterior, or interior, or 
both. 

Any two of the angles in this lesson are equal, or 
else their sum is 180°. 

Tell what is true of all the different kinds of 
angles, and why. 



LESSON XIV. 

Draw two parallel lines. 

Cross them with two oblique parallels. How many 
different angles? 

Number them. Letter them. Compare them as 
before. 

Draw parallels as before, cross them with two paral- 
lels, and a fifth line through two points of intersection. 

How many angles ? Number equal angles as before. 

Sum of the angles, 1, 2, 3? 

Letter them all with different letters. 

Begin with a, and write all the angles equal to a. 

All equal to A, <?, etc. 

Sum of angles, a, 6, c? 

Sum of the angles in each triangle? 

Write the angles equal to two others taken together. 
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LESSON XV. 

Make an obtuse angle, sides 1 inch long. A right 
angle, sides 2 inches long. 

Which is the larger angle? 

Make a small acute angle. A large one. 

Draw line AB 2 inches long. At point A make a 
large acute angle, that is, one more than 45°, with line 
2 J inches long, AC. 

Join OB. What do you call the figure ABO? 

How many sides has a triangle? 

How many angles? What kind of angles are -4., 
B, and C? 

The triangle ABC is, therefore, called an acute 
triangle. 

What is an acute triangle? 

An acute triangle has all its angles acute. 

The line AB, on which the triangle rests, is its base. 

We can imagine it to rest on either side, then, called 
the base. 

Draw a line AB 2 inches long. 

At A make an angle a little larger than a right 
angle, -4(7=1 inch. 

Join BC. What kind of an angle is A? 

Then the triangle is called an obtuse triangle. 

What is an obtuse triangle? 

An obtuse triangle has one obtuse angle. 
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LESSON XVI. 

Make an acute triangle. (Freehand.) 

Make an obtuse triangle. (Freehand.) 

Draw AB 2 inches. BC vertical, shorter than AB. 

Join AC. What kind of an angle is B? 

Then the A ABC is called a right triangle. 

A is read triangle. 

What is a right triangle? 

A right triangle has one right angle. 

The line AB is the base. What is the base of a 
triangle ? 

The line BC is the perpendicular. C is the vertex 
of the triangle. 

The base of a triangle is the side opposite the vertex. 

The line A C is the hypotenuse. It is opposite what 
angle ? 

The side opposite the right angle is always the 
hypotenuse. 

If we call B C the base, what is the perpendicular? 
Hypotenuse ? 

Try to make a triangle with two obtuse angles. 

A triangle with one obtuse angle and one right 
angle. 

One with two right angles. 

Can there be more than one right angle in a triangle ? 



(18) 



LESSON XVII. 

Make an acute angle with 2-inch lines AB and AC. 

Join BC for the base. 

Because AB and A C are equal, A ABC is called an 
isosceles triangle. 

What is an isosceles triangle? 

An isosceles triangle has two equal sides. 

If the isosceles triangle is an acute triangle, it may 
be called an acute isosceles triangle. 

Make an obtuse angle with two equal lines AB, A 0. 
Join BO. What kind of an isosceles triangle is it? 
An obtuse isosceles triangle. 

Make a right triangle, base and perpendicular equal. 
An isosceles right triangle. 

Cut an isosceles triangle out of paper ; fold it on a 
line through the vertex and the middle point of the 



Compare the angles at the base. 

In a triangle, the angles opposite the equal sides are 
equal. 

The equal angles of an isosceles triangle are always 
acute. Why ? 

Make (freehand) rapidly and name one of each kind 
of triangle you can remember. 
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LESSON XVIII. 

Draw a circle with radius of 1 inch. 

Through draw EGA. EA is a diameter of the 
circle. 

With compasses open to radius, begin at A and walk 
them around the circle, finding the points B, 2>, E, F, 
Gr. Join C to each point. 

Into how many equal parts, or angles, is the cir- 
cumference divided? 

What part of 360° is ZBCA? 

How many degrees? Draw line from A to B. 

A line joining two points of the circumference is 
called a chord. 

Then AB is the chord of 60°. 

Compare AB with CA. Are they equal ? There- 
fore, the chord of 60° is equal to radius. Of any 
circle? Try it. 

Draw 2-inch line AB. With A and B as centers, 
and radius AB, describe arcs, intersecting in C. Join 
AC and BC. 

What can you say of the sides of the A ABC? 

Then it is an equilateral triangle. 

What is an equilateral triangle? 

An equilateral triangle has its sides equal. 

What can you say about its angles? 

An equilateral triangle is equiangular. 

Draw line AB with A as center, and different radii ; 
describe several arcs. Lay off angles of 60° on each 
arc. Does the length of the radius make any difference 
in the size of the angles? 
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LESSON XIX. 

Make two unequal acute angles, A and B. Which 
is the greater? 

With A arid B as centers, and radius less than the 
shortest side, cut the sides of the angles with the arc 
of a circle. 

Which angle stands on the larger arc? 

Make a triangle, sides 2 inches, 2J inches, and 3 
inches. 

See if you can make another different triangle, with 
the same lines. 

Only one triangle can be made with the same three 
lines. 

The triangle has no two sides equal, and therefore it 
is called a scalene triangle. 

Define a scalene triangle. 

A scalene triangle has no two sides equal. 

Observe: The greater side is opposite the greater 
angles. 

Prove it. Measure the arcs of a circle with same 
radius, from each vertex. 

Make a paper triangle of the same size ; compare the 
angles by folding. 

The longest side is shorter than the sum of the other 
two. Why? A straight line is the shortest distance 
between two points. 

A scalene triangle may be an acute triangle. 

Can it be a right triangle? An isosceles? Why 
not? 

Can it be equiangular? Why not? 

Draw, freehand, and name all the different kinds of 
triangles. 
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LESSON XX. 

Make two equal angles about 50° each; side AB 
of one, and DE of the other, 2 J inches ; sides AC and 
DF 2 inches each. Draw BC and EF. 

The A ABC and D^^ 7 are equal in all respects. 
Because, 

(1) We have made two sides and the included 
angle of one equal to two sides and the included 
angle of the other, each to each. 

(2) Put the vertex D upon vertex A; side DF 
upon side AB, and as they are equal, the point F will 
fall upon B. 

As the angles A and D are equal, the side DF will 
take the direction A (7, and F will fall upon (7, because 
AC and DF are equal. 

FF and BC must then coincide; for only one 
straight line can be drawn between two points. 

The angles opposite the equal sides are equal. 
Therefore, 

Case I. When two triangles have two sides and 
the included angle of the one equal to two sides and 
the included angle of the other, each to each, the 
remaining parts are equal, each to each, and the tri- 
angles are equal. 

Make any A ABC. Extend the sides AB and CB, 
making BE equal to BC, BD equal to BA. Join DE. 
Prove DE is equal to AC. (Case I.) 



LESSON XXI. 

Make a A ABC. Draw BE equal to AB. At B 
make an angle equal to ZA. At E make an angle 
equal to ZB. Sides intersect at F. 

The ABEF will be equal to the A ABC. For, 

(1) We have made two angles and the included side 
of one equal to two angles and the included side of 
the other, each to each. 

Place BE upon AB. As ZB equals Z A, BE takes 
the direction A (7, and E must fall in the* line AC. 

As Z E equals Z B, EF takes the direction BC, and 
F must fall in the line BC. 

As F can be in both lines, AC and BC, only at their 
intersection, C, the angles are equal. 

BF=AC, EF=BC. Why? Therefore, 

Case II. When two triangles have two angles and 
the included side of the one equal to two angles and 
the included side of the other, each to each, the 
remaining parts will be equal, and the triangles are 
equal. 

Make any A ABC. Extend sides AB, CB. On 
extension of AB, take BB=AB. 

(1) From B draw a parallel to CA, intersecting CB, 
produced at E. 

Are the triangles equal ? Why ? (Case II.) Name 
equal parts. 

(2) Make any A ABC. At A and B make Z BAB 
=ZBAC, ZABB=ZABC. 
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AB separates the triangles. Are the triangles equal ? 
Why? Name equal parts. 

(3) Make any A ABC. At B make Z ABD= 
Z ABC. Take BD=BC. Join AD. 

Are the triangles equal? Why? Name the equal 
parts. 

With base, AB, 3 inches, make any kind of a A ABC. 
If AB represents 120 feet, yards, or rods, how many 
feet, yards, rods, will one inch represent? 40, which is 
called the reducing factor. 

How many to £ inch ? \ inch ? \ inch ? 

And 20, 10, and 5 are reducing factors for their scales. 

Distance of C from A and B? Make a A ABC. 
AB=6Q meters. Find AC, BC. 



LESSON XXII. 

Surveyor's compass, signal staffs, chain, tape, mark- 
ing rods, and how to use them, can be explained best 
with the objects in hand. Pupils can furnish most of 
them, good enough for practical purposes. 

To find a perpendicular to a line in the field, nail 
to top of a staff a block 4 inches square, 2 inches thick, 
with fine saw cuts through its diagonals. 

For angles of elevation, on side at top of staff, fix a 
graduated 4-inch circle. 

A strip 18 inches by 1 inch by J inch, bearing an 
index needle, all centered with circle. 
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For horizontal angles, the same nailed to top of staff, 
arm bearing sights. 

Teach pupil to set staff vertical with plumb-line. 

In solving the following problems, the pupil should 
be given ample time before receiving assistance. 

Pkoblbm 1. 

To find the distance between two objects, one being 
inaccessible, B. 

This is to be solved by the pupil in the field, if 
possible, or in the schoolroom. 

Suppose the two objects are A and 2?, a pond 
intervening. 

Take some point C visible to both objects. 

(1) Find the angle CB makes with CA. 

(2) Place a staff at (7, and at a point JP, fixing the 
direction of a line CX, making the same angle with 
CA that CB does. 

(3) Find angle AB makes with AC. 

(4) Find direction of line A P, making same angle 
with A C that AB does. In line A Y place a staff at D, 
also in line with J2C. 

(5) Measure distance from A to D, and the problem 
is solved. Why? 

Pboblem 2. 

In the same field find the distance of Gr from (7, 
visible from A and (7, and on the same side of A C 
as B. 

(26) 



LESSON XXIII. 

Problem 3. 
Find the distance between two inaccessible objects, 
C and 2), both visible from two points, A and B. 

(1) Begin with A, and with J., 2?, (7, find a point 1?, 
on side of AB opposite CD, as in Problem 1.. 

(2) At B, with B, 0, D, find F in the same way. 
EF= CD. EF is the only line to measure. 

Let pupil write out the steps taken. 

Problem 4. 

An inaccessible object B is visible from A and X, and 
the distance from A to X is 40 meters ; find AB and XB. 

We can measure AX, but on account of hill and 
woods we cannot do the field work as before. We 
must plot it on paper. 

Draw AX, 40 meters to any scale. 

At A we found the ZBAC, 75° 30'. On our plan 
we draw an indefinite line AY, making with AX an 
angle of 75° 30'. 

At X we find Z.AXB is 40° ; draw the indefinite 
line XZ, making Z AXZ=£ AXB. XZ and A Y will 
intersect at 2>. AD=AB. XD=XB. Both can be 
measured to same scale as AX. 

Problem 5. 
Find distance between two inaccessible objects, both 
visible from A and J5, 60 rods apart. 
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No field work is possible, except taking all the 
angles as in Problem 3. We must plot it. Draw AB 
to any scale, find EF, measure it to the same scale. 

LESSON XXIV. 

Draw a right A ABO. Extend base to JR. 

The Z EBC, formed outside of the triangle by pro- 
ducing a side, is called the exterior angle of the triangle. 

With same radius at each angle, describe arcs at A 
and (7, measuring them, and a semi-circumference at J5, 
including angles at B. 

With the compasses, see if the sum of the arcs at A 
and is equal to arc of exterior angle. 

Cut a paper right triangle. Fold the vertices on the 
right angle. 

Do they both together make a right angle? 

Then, what is the sum of the three angles of a right 
triangle equal to ? 180°, or two right angles. 

Draw an equilateral A ABO. Produce the base to E. 

Strike arcs at the vertices in the triangle as before; 
on arc of exterior angle take the chords of the non- 
adjacent angles. 

In this case we know the exterior angle is equal to 
the sum of the two non-adjacent angles, for the angles 
of the triangle are each 60°, and the exterior angle 
is 120°. 

Draw a scalene triangle. Produce one side as before. 
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Angle at vertex of isosceles triangle is 47° 50', angle 
at the base is ? 

Angle at base of isosceles triangle is 72° 40', angle at 
vertex is ? 

An angle of a scalene triangle is 37° 50', sum of the 
other two is ? 

Sum of two angles of a triangle is 124° 57', the third 
is ? 

Pupils should make many similar questions for class 
to solve. 

LESSON XXVII. 

The relation of 2 to 4 is the same as the relation of 
1 to 2. That is, 2 : 4 : : 1 : 2, which is read, two is to 
four as one is to two. 

Again, 3 : 6 : : 5 : 10; this is evidently true, for f =2, 
and \ a =2, and we say 3 and 6, 5 and 10, have a com- 
mon ratio. 

That two numbers have a common ratio with two 
other numbers, is generally expressed as above: — 
3 : 6 : : 5 : 10, and the expression is called a proportion ; 
for convenience of reference the numbers are named in 
order, the first, second, third, and fourth terms of the 
proportion. 

A proportion, then, simply expresses the fact that two 
numbers have the same ratio as two other numbers, or 
it is the equality of two ratios. 

In the proportion, 3 : 6 : : 5 : 10, observe that 6x5 = 
3x10. 
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That is, the product of the second and third terms 
is equal to the product of the first and fourth. 

That is true of every proportion, and is the test of 
the correctness of the proportion. 

The product of two numbers is 30; one is 3, what is 
the other? 

If we have 3 : 6 : : 5 : , how shall we find the fourth 
term? 

Make the rule to find the fourth term when you have 
the first, second, and third. 

Try several examples with small numbers. 



LESSON XXVIII. 

Write the numbers, 4, 6, 8, 12, in the form of a 
proportion, in every possible way, testing the correct- 
ness of each form. How many forms? 

The first and fourth terms of a proportion are called 
the extremes; the second and third, the means. 

If we have 5 : 10 : : 6 : , how do you find the fourth 
term? 

What is the rule? 

Divide the product of the means by the first term. 

If 3 : 6 : : 15 : 30, is 3 : 15 : : 6 : 30 correct? 
Can we write it 15 : 30 : : 3 : 6 ? Then the means 
and extremes can change places. 

the ratios are equal ; 30 and 6 are called the terms of 
the ratio. 
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A ratio is the quotient of one number divided by 
another of the same kind. 

It is evident we cannot compare dollars with miles, 
lines with surfaces, etc. The terms of a ratio must 
represent quantities of the same kind. 

If we multiply both terms 30 and 6 by the same 
number, whole, mixed or fractional, will the ratio be 
changed? Try it. 

If we divide them by the same number, will the 
ratio be changed? Try it with several examples. 

Therefore, we conclude, we can multiply or divide 
both terms of a ratio and not change its value. 

If we have the proportion J: J=6: . 

Multiplying terms of first ratio by 6, 3:2 = 6:4. 



LESSON XXIX. 

In arithmetic, proportion is made a rule for solving 
problems. The truth is, it is the only method by which 
all practical problems are solved. ' 

All persons, educated or uneducated, use proportion 
in solving questions, can use no other method. 

The solution of the simplest problems, involving 
multiplication or division, is always by proportion. 

Thus, if 2 apples cost 3 cents, what will 4 cost? 
Apples and cost must have a common ratio, and we say, 
6 cents. 

We do not write it out in set form, but use the 
method, 2 : 4 : : 3 : 6. 
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Again, if 1 apple costs 2« cents, what will 3 cost ? 

1 : 3 : : 2 : 6. 
Or, if 2 apples cost 6 cents, what will 1 apple cost ? 

2:1:: 6: 3. 

Though such questions are said to be done by- 
analysis, it is really by proportion, the only rule by 
which we do practical questions in arithmetic after we 
have learned notation, numeration, addition, and sub- 
traction. 

It is of the utmost consequence, then, that we 
become familiar with proportion, since it holds the 
same importance in arithmetic that similar triangles do 
in geometry. 

In fact, the problem of similar triangles is only the 
application of proportion to geometrical questions. 



LESSON XXX. 

Draw two parallel lines intersecting obliquely two 
other parallels. Draw secant through two intersections. 

Prove that the two triangles, made by the secant 
within the parallels, are equal. 

And therefore, that two parallels intercept equal por- 
tions of two other parallels. 

There are six parts of a triangle: three sides and 
three angles. 
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Triangles are equal, if their sides are equal, each to 
each. 

Triangles are similar, if their angles are equal, each 
to each. 

We will now talk about the greatest, most useful, if 
not the simplest, of all geometrical problems, — The 
comparison of similar triangles. 

Surveyors, engineers, navigators, and astronomers 
have books containing the solutions of all possible tri- 
angles set down in tables especially made for them, and 
when they have a triangle to solve, that is, to find some 
part of it, they first find three parts of their triangle, 
one of which must be a side, and then compare it with 
the similar triangle solved in the tables. 



Cut three small equal right triangles. Place them 
so as to make a large hollow right triangle of exactly 
the same shape as the small triangle. 

The angles of the large triangle are exactly the 
same as the angles of the small triangle. 

The base of the large triangle is exactly twice the 
base of the small triangle. 

Perpendicular of large triangle is twice the per- 
pendicular of the small triangle. 

Hypotenuse of large triangle is twice the hypote- 
nuse of the small triangle. 
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LESSON XXXI. 

Place three more triangles of same size on the per- 
pendicular side of the large triangle. The form or 
shape of the large triangle is exactly the same as 
before. The angles are all equal to the angles of 
the small triangle, each to each. But, 

Base of large triangle is three times base of small 
triangle. 

Perpendicular of large triangle is three times per- 
pendicular of small triangle. 

Hypotenuse of large triangle is three times hypote- 
nuse of small triangle. 

Continuing to add successively four, five, six, etc., 
small triangles to the same side, we shall always have 
large triangles whose sides are four, five, six, etc., 
times the corresponding sides of the small triangle. 

The small triangle and the large triangles have the 
same angles, and their corresponding sides are to each 
other as 2, 3, 4, 5, 6, etc., and they are called similar 
triangles. 

If we take small equilateral, isosceles, or scalene 
triangles, we can build up the large triangles in the 
same way. 

What are similar triangles? 

Similar triangles have all their angles equal, each 
to each, and their corresponding sides have a common 
ratio. Or, 

Similar triangles have all their angles equal, each to 
each, and the sides about the equal angles proportional. 
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LESSON XXXII. 

Draw a right triangle. Base 4 inches, perpendicular 
3 inches. Measure hypotenuse ; scale, 6 feet to an 
inch ; sides equal ? 

At J inch from angle at the base draw a perpen- 
dicular to the base. 

Is the small triangle similar to the whole triangle ? 

Base of small triangle represents how many feet? 

Base of large triangle is how many times base of 
small triangle? 

Perpendicular and hypotenuse of the large triangle 
will be how many times perpendicular and hypotenuse 
of small triangle? Why? 

At every half-inch in base draw a parallel to per- 
pendicular. 

We have four triangles with common vertex. Letter 
or number them, and compare sides of any two of 
them, if they are similar, to different scales. 

Problem. 

To find height of flag-staff. 

First method. Place a stake vertically at suitable 
distance from the staff. Find some point on the 
ground, (7, in line with top of staff and stake. Divide 
distance from C to foot of staff by distance from C to 
foot of stake. The quotient is the common ratio. 
Multiply the height of stake by the ratio, and you have 
height of staff. Whj ? 
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LESSON XXXIII. 

The first method of finding the height of an object 
can easily be applied in the schoolroom. 

Second method. When an object casts a shadow, 
it is easy to make a good approximate calculation of 
its height, near midday. 

Pace the shadow of the object, and compare it with 
your own shadow, knowing your own height. Or, 

Stick a knife into the object at a height you can 
measure or estimate, and compare the distance of the 
knife's shadow from the foot of the object with the 
shadow of the object. 

The first and second methods can be used when the 
object stands on a level or an inclined plane. 

Third method. If the object stands on a level plain, 
at some point C Y , take the angle of elevation of top 
of the object, make an equal horizontal angle, the side 
intersecting a line from the object perpendicular to a 
line from C to the object. Perpendicular distance from 
object to intersection is the height required. 

Let pupils estimate heights of neighboring objects, 
trees, schoolhouse, spires, etc., and afterwards measure 
them. Compare results. 

Much time can be profitably given to this problem. 
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LESSON XXXIV. 

The corresponding sides of similar triangles are 
called homologous sides. 

The pupil cannot become too familiar with the 
proposition, that the homologous sides of similar tri- 
angles have a common ratio, or are proportional. 

Equal triangles are only particular cases of similar 
triangles, where the common ratio of the homologous 
sides is unity, or 1. 

Problem. 

The distance between two accessible objects, A and 
2?, cannot be measured directly on account of inter- 
vening objects. Find it when A and B are visible to 
each other. 

With two straight edges two feet long, nailed to- 
gether at an angle of 60° standing at J., fix the direc- 
tion of a line from A making an angle of 60° with AB. 

At B fix the direction of another line making an 
angle of 60° with BA. 

The distance of the intersection (7, of these two 
lines from A or J9, is the distance sought. 

Standing at (7, the straight edges should point to A 
and B. Why? 

It must not be forgotten, that one example made and 
performed by the pupil will be worth more to him than 
any number simply explained by the teacher, however 
ably done. 
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In addition to accurate field work, and work with 
compasses and ruler, there should be much freehand 
work, thereby cultivating the imagination of the pupil. 



LESSON XXXV. 

Draw an equilateral triangle. 

Draw a line from vertex to middle point of base. 

Are the two triangles formed equal? 

Are the two angles at the middle point of the base 
equal ? 

What kind of angles are they? 

What kind of a line, then, is the line from the 
vertex? 

As the greater side is opposite the greater angle, 
which is greater, the side of the triangle, or the line 
to middle point of base? 

Then, a perpendicular is the shortest distance from a 
point to a line. 

To divide a line into two equal parts. 

With radius AB, strike intersecting arcs on each 
side of AB. Join the points of intersection. 

To divide a line AB into two or more equal parts. 

Draw AC making any angle with AB. On A C take 
equal distances, AS, EF, FG, etc. 

Join last point with B. Draw parallels through E, 
F y 6r, etc. And AB is divided into equal parts. 

Draw a perpendicular from a point to a line AB. 

(39) 



With the point as center, describe an arc cutting 
the line in two points. With these points as centers, 
describe arcs intersecting on side opposite the given 
point. 

Draw line from point to intersection. 

Draw a perpendicular from a point in a line. 

Bisect a line. 

If two parallels meet or cross two other parallels at 
right angles, the space included by the four parallels is 
called a rectangle. 

LESSON XXXVI. 

The opposite sides of a rectangle are equal. Why? 

Draw a square. How many right angles has it? 

How does a diagonal divide it? 

What, then, is the sum of angles of either triangle ? 

Draw a rectangle. How many right angles has it? 

How does a diagonal divide it? 

What is the sum of the angles of either right 
triangle ? 

Sum of the acute angles of a right triangle equals ? 

Any right triangle may be considered as half the 
rectangle of the same base and altitude. 

Draw a perpendicular from vertex of an equilateral 
triangle. 

Degrees in each angle ? Sum ? 
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Draw a perpendicular from vertex of an isosceles 
triangle. 

What can you say of the triangles ? Sum of angles ? 

Draw any scalene triangle with perpendicular from 
vertex on the base. 

Prove that the sum of the angles of the whole tri- 
angle is equal to two right angles. 

Therefore the sum of the angles of any triangle is 
equal to two right angles. 



LESSON XXXVII. 

Quadrilaterals. 

A four-sided figure is called a quadrilateral. 
Draw a figure with four unequal sides. (Fig. 1.) 
How many angles has it? 
Are any of its sides parallel? 
It is a trapezium. 
What is a trapezium? 

A trapezium is a quadrilateral with no two of its 
sides parallel. 

Draw a quadrilateral with only two of its sides 
parallel. (Fig. 2.) 

How does it differ from Fig. 1? 

It is a trapezoid. Define a trapezoid. 

A trapezoid is a quadrilateral with only two of its 
sides parallel. 
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Draw a quadrilateral with opposite sides parallel. 
How does it differ from Figs. 1 and 2? 

Figure 8 is a parallelogram. 

Define a parallelogram. 

A parallelogram has its opposite sides parallel. 

A quadrilateral is read with four letters at the ver- 
tices, a, 6, <?, d, or two opposite letters, ac or bd. 

A line joining ac or bd is called a diagonal. How 
does it divide the parallelogram? 

The two diagonals mutually bisect each other. 

As the opposite sides of a parallelogram are paral- 
lels intercepted by parallels, how do they compare? 

Draw and name the quadrilaterals you know. 



LESSON XXXVIII. 

How many angles in a parallelogram? 

If each angle is a right angle, it is called a rectangle. 

(Fig- 4.) 

Define a rectangle. 

A rectangle is a right parallelogram. 

Name some rectangular objects you can see. 

If the sides of the rectangle are all equal (Fig. 5), 
what is it? 

Define a square. 

A square is a rectangle with all its sides equal. 

If a parallelogram has an acute angle (Fig. 6), it is 
an oblique parallelogram. Compare Figs. 1, 2, 3, 4, 5. 
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It is called a rhomboid. 

Define a rhomboid. 

A rhomboid is a parallelogram having no right angle. 

If the rhomboid has all its sides equal (Fig. 7), it is 
called a rhombus. 

Define a rhombus. 

A rhombus is a rhomboid with all its sides equal. 

Draw, name, and define all the quadrilaterals you 
have learned. 

Encourage pupils to vary their definitions of the 
different geometrical figures and propositions, criticis- 
ing each other's, many of which will be mathematically 
correct, and help them to decide upon the best as to 
accuracy and brevity. 



LESSON XXXIX. 

How many kinds of quadrilaterals can you make? 
If the opposite sides of a quadrilateral are equal, 
what do you call the figure? 

How many kinds of parallelograms are there? 
Draw a quadrilateral having three other names. 
What are the four names? 
Draw one with two names. With three names. 
Draw any parallelogram. 
What of its opposite sides? 
Opposite angles? 

What is the sum of any two consecutive angles? 
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How does a diagonal divide it? 

How do both diagonals divide each other? 

The perimeter of a figure is the distance around it, 
or the sum of its sides. 

What must be known to find the perimeter of a 
square? Of rhombus? 

One side of a square or rhombus is 5 feet, perimeter 
is ?. 

What must be given to find perimeter of rectangle or 
rhomboid ? 

One side is 6 feet, adjacent side 4 feet, perimeter 
is ? 

What must be known to find perimeter of trapezium 
or trapezoid? 

Give examples. 

Quadrilaterals having all their angles equal, each to 
each, taken in the same order are similar, if their 
homologous sides have a common ratio. Pupil can 
prove this, drawing diagonals and comparing triangles. 



(44) 



LESSON XL. 

In Algebra, numbers are represented by letters, and 
operations by signs as in arithmetic. 

Thus, 2 a means 2 times a, a representing any num- 
ber whatever. 

If the value of a is 5, the value of 2 a, 3 a, etc., 

will be 

2a=2x5=10; 

3a = 3x5=15, etc. 

a+5a=6a. 8a — 3a==5a. 

3a+4a = 7a. 7a— a=6a. 

An expression of the equality of two quantities is an 
equation. 

The quantity on one side of the sign = is a member. 

Quantities connected by the sign plus ( + ), or minus 
( — ), are terms of the equation. 

The number before a letter is its multiplier or co- 
efficient. 

When a is 6, and b is 8, 

4a + 2J= ? 3a- J= ? 36-4a= ? 
axa=a 2 y axaxa=cP. 

"' The figure at the right and above a letter is its 

exponent, and shows how many times the letter is to 

be used as a factor. 

If a is 5, a 2 =5x5 = 25. 

a 3 =5x 5x5 = 125. 
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a 2 is read, a second power, or a square. a z is read, 
a third, or a cube. 
If a is 4, and m is 6, 

2a 2 = ? 4??i 2 = ? 2ro 2 -a* = ? 

Let pupils make and solve many other examples. 



LESSON XLI. 

The lengths of lines may be represented by letters, 
a, b, etc. 

The product of two lines by two letters, thus, ah, 
a c, be, etc. 

That is, a may represent any number of units of 
length in a line, inches, feet, yards, rods, miles, meters, 
etc.; b another, and c another number. 

ab means a times b. If a is 6 and b 5, ab = ? 

Let a, 6, and c represent the sides of a triangle ; then, 
m • a, m • 6, and m • c will represent the sides of all possi- 
ble similar triangles, if we regard m as a multiplier of 
a, b, and c, and not as a line. 

m * a m*b m • c 

a be 

The sides are homologous because they have a com* 
mon ratio. 

Therefore, if a, 6, and c represent the sides of any 
plane triangle that can be imagined, then m-a, m-b, 
m*c will represent all possible similar triangles. 
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If a, 6, and c are 4, 5, and 6, and m is 3, what will be 
the sides of the similar triangle ? 

Give m any value, whole, mixed, or fractional, and 
find other similar triangles. 

If a=b = c y what kind of a triangle would they 
represent? 

LESSON XLII. 

4x5 g £^ = j 
4 ' a 

4x5 i ab „ 

That is, dividing the product of two factors by one 
of them gives the other. 

If a6 = o, then a = ?i and 6 = —. 
b a 

4x5x6 a ale abc abc , 

— — — =b, —r= c > -r- ==a ' — = 6 ' 
4x5 ab be ac 

which tells us, dividing the product of three factors 
by the product of two of them gives the third factors 

If abc=p, then a = ~^ b=— , <?=^y. 
r be ac ab 

Let 2pr=c. then r=-— . 

If 2>r=C, then r=j-. 

The square root of a 2 is a, written thus: 
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If a 2 =9, then ^/a 2 =a=^/9 = 3; 
or, a 2 = 9. 

Then a =3. 

Again, p7&=a, 7^=-, 



and 



or, 






a + 6 means the sum of any two quantities. 

2a + 26=2(a + 6), that is, the sum of 2a and 26 
equals twice the sum of a and 6. 

See if it is true when a = 4 and 6=5. 

ac+bc = c(a + 6). Verify it when a =4, 6 = 5, and 
0=6. 

LESSON XLIII. 

A point moving in one direction describes a straight 
line. 

Now, imagine the whole line to move in a direction 
perpendicular to its own direction. 

What kind of a figure would it describe? 

The space passed over by the line is called the area 
of the rectangle. 

How must the line move to describe a rhomboid? 

Make a square, side 1 inch. It is a square inch. 

When we ask how many square inches in any sur- 
face, desk, slate, pane of glass, etc., we mean how 
many of these little squares would it take to cover it. 
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Draw a rectangle 2 inches by 1 inch. 

How many square inches in its surface? 

Make a square, side 2 inches. 

How many square inches in its surface? 

What is the difference between 2 square inches and 
2 inches square? 

Difference between 3 square inches and 3 inches 
square? Prove by figure. 

How many square inches can you place in a rectangle 
6 inches by 4 inches? 

How many rows? How many in a row? Square 
inches in its area? 

How do you find the area of a rectangle? 

Multiply the length by the width. 

Square inches in a rectangle 2 feet long and 6 inches 
wide? 

Let pupils make many examples. 



LESSON XLIV. 

Side of a square is 6 inches, area is ? 

Multiplying a number by itself is called squaring it. 

If the sides were given in feet, yards, meters, rods, 
etc., then our unit of measure would be a square foot, 
square yard, square meter, etc. 

Find the number of square inches in a square foot. 

Square feet in a square yard. Square inches in a 
square yard. 
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Make the table of square measure. 

How many square inches in your slate? Desk? 
Pane of glass? 

Find square feet in door, floor, ceiling, sides, and 
ends of the room. 

Find area of school lot, common, or field, in square 
yards, rods, meters. 

If the sides of a rectangle are a and J, its area 
equals ab. 

Having the area and one side given, how is the other 
side found? 

The perimeter equals 2(a + &), or 2a + 26. 

A has a lot 20 rods square. B has one 25 rods by 16 
rods. 

Which has the most to pay to fence his lot at $1 
a rod? How much? 

Area of square field is 625 square rods, one side 
equals ? 

Pupils should learn to extract the square root to two 
or three places. 

How does a diagonal divide a rectangle? 

The altitude of a triangle is the perpendicular dis- 
tance from its vertex to the base. 

The altitude of a rectangle is its width. 
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LESSON XLV. 

From the vertex of an obtuse triangle draw a per- 
pendicular to the base. 

Construct a rectangle on the same base, including 
the triangle, and having the same altitude. 

The triangle is what part of the rectangle? 

If we call the base 6, the altitude a, and the area jp, 
we have for the rectangle, 

No. 1. »=aJ. No. 2. a=£ No. 3. 6=Z 

b t a 

Nos. 1, 2, and 3 are called formulae: that is, they 
are the algebraic expressions for finding the parts of a 
rectangle. Translated or interpreted, 

No. 1 means, Area is equal to product of base and 
altitude. 

No. 2 means, Altitude equals area divided by base. 

No. 3 means, Base equals area divided by altitude. 

For the triangle we have, 

No. 1. p=\ab. No. 2. a = £. No. 3. b=£. 

Or, = -^-, and & = — £. 

o a 

See if you can translate the formulas into English. 

Draw a rhombus with both diagonals. 

Prove that the diagonals divide the rhombus into 
equal parts, and that the area of the rhombus is one- 
half of the product of the diagonals. 

Diagonals of rhombus are 4 and 6 ; what is the area? 
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LESSON XL VI. 

Figures having all their sides and angles equal, 
each to each, are equal figures. 

Figures whose areas only are equal are equivalent 
figures. 

What are similar figures? 

Name some of each kind. 

Draw a parallelogram with oblique angles. Its 
name? 

Cut a paper rhomboid. Draw a perpendicular from 
the obtuse angle at the upper base to the lower base. 
Cut off the right triangle and add it to the other end 
of the rhomboid, so as to make a rectangle having 
the same base and altitude. 

It is evident the area of the rhomboid is the same as 
that of a rectangle with same base and altitude. 

The altitude of a parallelogram is the perpendicular 
distance between its bases. 

The area of any parallelogram is the product of its 
base and altitude. 

Problem. 

If two parallels cross two other parallels at any 
angle whatever, the four parallels will always include 
the same area. Prove it. 

Which will have the least perimeter? 

Parallelograms having equal bases and altitudes are 
equivalent. 
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LESSON XLVII. 

Draw a trapezoid. The nonparallel sides are called 
its legs. Draw a perpendicular to its parallel bases. 
Bisect the legs by a line drawn parallel to the bases. 
It is called the median line of the trapezoid. 

Prove that it is half the sum of the bases. 

Area of the trapezoid is the product of the median 
and altitude. 

Ex. Parallel sides are 13 and 17, altitude 6 ; area of 
trapezoid is ? 

Draw a trapezium standing on the longest side. 

Make a trapezoid and a triangle of it by a line drawn 
parallel to the base. Let fall a perpendicular from 
vertex of triangle to base of trapezium. What lines 
must be known to find the area? 

Or, divide trapezium by a diagonal into two tri- 
angles. Draw their perpendiculars. 

Pupils make examples for solution. 

Plane figures with three or more sides are called 
polygons. 

If the sides are unequal, they are irregular polygons ; 
and to find their area, divide them into trapezoids and 
triangles. 

If the sides and angles of a polygon are equal, it is a 
regular polygon. 
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They are named: 
with 3 sides, a trigon ; 8 sides, an octagon ; 

4 sides, a tetragon ; 9 sides, a nonagon ; 

5 sides, a pentagon ; 10 sides, a decagon ; 

6 sides, a hexagon ; 11 sides, an undecagon ; 

7 sides, a heptagon ; 12 sides, a dodecagon. 



LESSON XL VIII. 

How many trigons, or equilateral triangles, can be 
placed about a single point? 

How many tetragons or squares? Pentagons? Hexa- 
gons ? Octagons ? Dodecagons ? 

If a floor is to be laid with tiles of a single form, 
what regular polygons may be used? Why? 

What combinations of other geometrical figures may 
be used? 

How mtfny circles can be drawn about a single point? 

Distance apart of the centers of two circles touching 
each other externally? 

Draw three equal circles touching each other exter- 
nally. 

Join their centers; what kind of a triangle is formed? 

Draw three circles with different radii, but having 
the same center. 

They are concentric circles. 

Draw two circles cutting each other in two points. 
The line joining the points of intersection is a com- 
mon chord perpendicular to their radii. 
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LESSON XLIX. 

A lot of land is 1 rod square. What is the distance 
around it, that is, its perimeter ? 

Make the square. 

Make another, 2 rods square. 

What is its perimeter? 

What is the perimeter of a square, 3 rods on a side ? 
4 rods? 

Make all these squares on a small scale in a row, and 
write their perimeters under them, thus : 

4 8 12 16. 
Dividing by 4, the perimeters are as 

12 3 4, 

that is, the perimeters are as the sides. 

A few examples with similar triangles, rectangles, 
and other similar figures, will enable the pupil to dis- 
cover that the perimeters and the homologous sides of 
similar figures have a common ratio. 

Or, the perimeters of. similar figures are to each 
other as any two of their homologous sides. 

Perimeters of regular polygons are as their apothems. 

Perimeters of circles are as their radii. 

Perimeters of similar figures are to each other as any 
lines similarly drawn in each. 

Pupils must see clearly that perimeters are only dis- 
tances, and so are properly compared with lines. 
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LESSON L. 

Draw a scalene triangle resting on its longest side. 

Let fall a perpendicular on the base. What kind of 
triangles are formed? 

Draw another with homologous sides twice as long as 
the sides of the first. 

A perpendicular from the vertex to the base divides 
this triangle into two right triangles. 

Are the right triangles of the second similar to the 
right triangles of the first? Why? 

Draw a square, side 2 inches. 

Another, side 3 inches. 

Their areas are as 2? : 3 2 , or 4:9. 

Divide each square into two equal rectangles. 

Are they similar? 

Since each rectangle is half of its square, the areas 
of the similar rectangles are to each other as the 
squares of their homologous sides. Or, 

The squares and the similar rectangles must have a 
common ratio. 

Draw a diagonal in one of the rectangles of each 
square. Are the triangles similar? 

Since the triangles are halves of similar rectangles, 
and all triangles can be divided into right triangles, 
their areas must be to each other as the squares of their 
homologous sides. 

Since similar surfaces can be divided into the same 
number of similar triangles, we conclude that, 

Areas of similar surfaces are to each other as the 
squares of any two homologous sides : or, the squares 
of any two lines similarly drawn in them. 

(66) 



LESSON LI. 

Areas of regular polygons are to each other as the 
. squares of their apothems. 

Areas of circles are to each other as the squares of 
their radii. 

Area of a rectangular lot, 10 rods long and 6 rods 
wide, equals ? 

Area of a rectangular lot, 30 rods long and 18 rods 
wide, equals ? 

Are the above rectangles similar? 

What is the common ratio of their homologous sides ? 
Ratio of their areas? 

The ratio of the areas of similar surfaces is the square 
of the common ratio of their homologous sides or cor- 
responding lines. 

Draw a circle, 2-inch radius. Another, 3-inch radius. 

Ratio of their circumference is ? 2:3; which 

means that the first is two-thirds of the second, or the 
second is three-halves of the first. 

Ratio of their areas is ? 2? : 3 2 , or 4 : 9 ; which 

means, 

The first is four-ninths of the second, or the second 
is nine-fourths of the first. 

Take the number 10. 
Divide it into equal parts, 

5 x 5 = 25, a square. 
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Divide it into unequal parts, 

4 x 6 = 24, a rectangle ; 
or 3 x 7 = 21, a rectangle ; 

or 2 x 8 = 16, a rectangle. 

How do the perimeters of the above square and 
rectangles compare ? Their areas ? Which shows that 
of rectangles with equal perimeters, the square has 
the maximum area? 



LESSON LII. 

To divide a triangle into 2, 3, 4, or more equal 
parts, by lines from the vertex, 

Divide the base into 2, 3, 4, or more equal parts, 
and draw lines to the points of division. Why? 

The areas of triangles having equal bases are to 
each other as their altitudes. 

The areas of triangles having equal altitudes are 
to each other as their bases. 

The areas of triangles having equal bases and equal 
altitudes are equal. 

Triangles having their base in the same line and 
their vertex in a line parallel to the base, must have 
the same altitude. Why? 

Draw an obtuse triangle ABC, obtuse angle at B\ 
let fall a perpendicular from C on the base produced. 
• Through C draw XY parallel to base. 
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At middle point D of base, draw a perpendicular 
DE. 

Suppose the vertex moves along XY to E, what 
kind of a triangle have we then? 

As it moves from E towards X or Y, do the sides 
increase or decrease? 

With the same base AB, two lines drawn from A 
and B intersecting anywhere in XY, always inclose 
the same area. Why? 

Which of the triangles has the least perimeter? 

The two lines might be drawn to intersect at the 
same distance on the other side of AB. 

We have two lines, then, parallel to AB, at any 
point in which two lines may be drawn to A and J?, 
and the triangles so formed will all have the same 
area. Why ? 

LESSON LIII. 

Where can you place a point in a plane and always 
have it at the same distance from a fixed point? 
Therefore we say, 

The circumference of a circle is the locus of a point 
that is always at the same distance from another fixed 
point. 

In like manner we can say, 

Two parallel lines are the locus of the intersection 
of two lines drawn from the extremities of a given 
line so as always to include the same area. Why? 
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Ex. 1. I wish to inclose 40 square rods in form of 
a triangle, the base to be 10 rods long. Where must 
the vertex be to take the least fence ? 

Ex. 2. A triangular lot contains 1000 square feet; 
one side is 50 feet long. What is the length of the 
homologous side of a similar triangle containing 4000 
square feet? 

Ex. 3. A rectangular field contains 100 acres ; one 
side is 80 rods long. How many acres in a similar 
field, with homologous side twice as long? 

The surfaces of spheres are similar, and they are 
to each other as the squares of their circumferences, 
or as the squares of their diameters. 

Ex. 1. A ball is 3 inches in diameter ; another is 
6 inches. How do their surfaces compare? 

Ex. 2. Call the earth 8000 miles in diameter, and 
the moon's diameter 2000 miles. How do their sur- 
faces compare ? 

LESSON LIV. 

Draw a right triangle, base 4 inches, perpendicular 3 
inches. Measure the hypotenuse. It is 5 inches. 

Make squares on the legs and hypotenuse of the 
triangle. 

Divide each of the squares into square inches. 

See if the sum of the square inches on the legs is 
equal to the square inches on the hypotenuse. 
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It ought to be so, because 

3 2 +4 2 =52, or 9+16 = 25. 

Therefore, to make a right angle, such as the car- 
penter uses to make a square corner, we can nail 
together two straight edges so that a point 3 feet on 
one edge, and another 4 feet on the other edge, from 
the angle, shall be just 5 feet apart. Or 6, 8, and 10 
feet, such as the builder uses. 

Draw a square. 

Draw another on its diagonal. 

Show that the square on the diagonal is twice the 
original square. 

If we have two equal ratios, say, £=§, then 6 2 =4 x 9. 

Again, if we have 

48 = 12x4 
and 36 = 12x3 

then will 84=12x7 

or 84=12 x (4+3). 

Let the pupil see clearly how 12x4 and 12x3 are 
added. 

Make other examples. 



LESSON LV. 

If two right triangles have an acute angle in each, 
equal to each other, all the other angles are equal, each 
to each, and the triangles are similar. 

(61) 



Draw a right triangle ABC, standing on the hypot- 
enuse AB. 

We will call the sides opposite the angles A, B, 
and (7, a, 6, and c, respectively. 

From the right angle C draw a perpendicular CD to 
the base AB. It divides the base c into two parts, 
called segments. 

The segment about Z A, we will call x, the other y. 

Then #+# = <?. 

We now have three right triangles to compare : the 
large triangle and the two small ones. 

Are they similar? Why? 

We will consider only the homologous sides about 
the angles A and B. 

Write them in pairs. 

The homologous sides of ADC and ABC are J, x, 
and <?, b. 

The homologous sides of BDC and ABC are a, y, 
and <?, a. 

The homologous sides have a common ratio; then 

b X 70 

-=-, or o*=cxx, 
c o 

and ?=^, or a?=cxy. 

c a 



Adding, we have a 2 +b 2 =c(x+y), 
or a 2 + &=<?, as #+y=c. 

Hence, the square on the hypotenuse is equal to the 
sum of the squares on the base and perpendicular. 
This is called the Pythagorean proposition. 
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LESSON LVI. 
If a, J, are the sides, and c the hypotenuse, then 



<*=«*+&*, or C =V(?+P; 

that is, the hypotenuse is equal to the square root of 
the sum of the squares of the sides. 

Ex. 1. Sides are 18 and 24 ; what is the hypotenuse ? 

Ex. 2. A ladder placed 12 feet from a house reaches 
a window 16 feet from the ground; length of ladder 
is ? 

Find diagonal of the room ; of the side ; of the end. 

Show that the diagonal of the room is the square 

root of the sum of the squares of its three dimensions. 

Ex. 3. Area of a square field is 400 square rods ; 
length of diagonal ? 

a 2 +f 2 =c 2 , 

then a 2 =c2-6 2 , and 6 2 =c2-a 2 ; 

and to find a and 5, we have 



a = Vc 2 -J 2 and 6 = Vc 2 -a 2 . 

That is, to find either side, 

Extract the square root of the difference between 
the square of the hypotenuse and the square of the 
other side. 

Ex. .4. Hypotenuse is 100, base is 80 ; other side 
is ? 
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Ex. 5. How far from a house may a ladder 30 feet 
long be placed to reach a window 24 feet from the 
ground ? 

Pupils can easily make other examples for the class. 

Since the areas of similar surfaces are as the squares 
of their homologous sides or lines, the Pythagorean 
proposition is true for any similar figures drawn on 
the sides of a right triangle : similar triangles, rec- 
tangles, regular polygons, circles, and semicircles. 

Try equilateral triangles and compute their areas. 

Ex. 6. The area of a right triangle is 324 square 
yards, and half of the base is 16 yards ; hypotenuse 
and perpendicular are ? 



LESSON LVII. 

Take any three points A, i?, C, not in a straight 
line; draw AB and BO. 

At the middle point of each line draw a perpen- 
dicular. They will intersect at M\ with £asa center, 
and radius MA, describe a circle. Will it pass through 
points B and C? Prove it. 

A circle can always be made to pass through . three 
points not in a straight line. 

Therefore, to find the center of a circle when the 
% cumference of an arc is given, 
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Take three points in the arc or circumference ; draw 
chords AB and BO: the intersection of the perpen- 
diculars from their middle points will be the center. 

A perpendicular from the middle point of a chord 
of an arc passes through the center. 

In the same circle equal chords are equally distant 
from the center. 

An angle at the center of a circle is measured by 
the whole of the arc on which it stands. 

An angle with vertex in the circumference is called 
an inscribed angle. 

It is measured by half of the arc on which it stands. 

Show that is true by inscribing a hexagon, an equi- 
lateral triangle, and a square in a circle. 

Also give the general proof thus : 

From a point in the circumference draw a diameter 
and a chord; draw a radius to end of chord. 

The inscribed angle is half the angle at the center ; 
hence it is measured by half its arc. 

If the inscribed angle includes the center, draw a 
diameter from the vertex, and the proof is obvious. 

If the center is outside of the angle, draw the 
diameter as before, and see if you can prove it. 
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LESSON LVIII. 

/ 

Connect the extremities of a diameter with any point 
in the circumference of a circle. 

What kind of an angle is formed? Why? 

Two lines drawn from the extremities of a given 
line on either side of it intersect at right angles. 
What is the locus of their point of intersection? 

Ex. 1. How does a line from the verte* of a right 
angle to the middle point of the hypotenuse compare 
with the hypotenuse? 

Ex. 2. How does the radius of its circumscribing 
circle compare with the hypotenuse of a right triangle ? 

A secant is a line cutting the circumference in two 
points. 

A chord divides a circle into two segments, a less 
segment and a greater segment; unless it becomes a 
diameter dividing the circle into semicircles. 

A chord subtends the arc of its segment. 

The angle inscribed in a segment is measured by 
half the arc of the other segment. 

All angles inscribed in the same segment are equal. 
Why? 

Then an arc of a circle is the locus of the intersection 
of two lines drawn from the extremities of a given 
line, always making the same angle with each other. 

Since the lines may intersect on either side of 
the given line, the locus is a double segment, and the 
given line is a common chord of two equal intersecting 
circles. 



LESSON LIZ. 

To draw a perpendicular at B, in line AB. 

At C, a little distance from AB, nearer B than A, 
with radius OB, describe a circle cutting AB in D. 
Draw DC, cutting the circle in E. BE is the direction 
of the perpendicular. Why? 

Draw any quadrilateral in a circle. Is the sum of 
its opposite angles equal to two right angles? Why? 

When the sum of two of the opposite angles of a 
quadrilateral is equal to two right angles, it can be 
inscribed in a circle. 

How would you find the center of the circle? 

What is the length of the shortest chord that can be 
drawn through a point 4 rods from the center of a 
circle, diameter 10 rods? 

Tangents. 

Draw a perpendicular to a radius at any point in 
the circumference of a circle. 

It is called a tangent, because it just touches the 
circle without cutting it. Rather, it is drawn through 
two consecutive points of the curve, and shows the 
direction of the curve, which is always at right angles 
to the radius. 

To draw a tangent to a circle from a point outside 
the circle. 
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Prom the center <?, draw OA to a given point A. 
At By middle point of A (7, describe a circle, with radius 
j?<7, cutting the circle in E and F. AE and AF are the 
tangents. Why ? 

Two tangents can always be drawn to a circle from 
a point without. 



LESSON LX. 

Draw a circle with any radius. 

Draw the chords of 60°. 

Name the figure. How many sides has it? Draw 
radii to one side. 

Side subtends an angle at the center of how many 
degrees ? 

All regular polygons can be inscribed in a circle. 

The center of the circle is the center of the polygon. 

To draw a regular polygon, then, step round the 
circle with the chord of the angle at the center, which is 
360° divided by the number of sides of the polygon to 
be drawn. 

The angle made by two adjacent sides of the polygon 
is the supplement of the angle at the center subtended 
by a side. Prove it. 

Join alternate angles of the hexagon. Side is chord 

of ? Angle of polygon is ? What is the 

figure ? 
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Draw a polygon with chord of 30°. Name the fig- 
ure. Angles equal ? 

Show that a polygon can be divided into as many 
triangles as it has sides, having their vertices at the 
center. 

What is the sum of all the angles at the center? 

What is the sum of all the angles of the polygon? 

Produce the sides and show that it is as many times 
two right angles as the polygon has sides less two. 

A perpendicular from the center on a side is the 
apothem. 

The area of one of the triangles is the side multiplied 
by one-half of the apothem. 

The area of the polygon is the perimeter multiplied 
by half of the apothem. 



LESSON LXI. 

Area of the Circle. 

Draw a circle. Inscribe in it a hexagon. 
Draw two radii to one side. Draw apothem of 
polygon to the same side. 

Call the radius 10. Find length of apothem. 
Find area of the triangle. Area = side x J apothem. 
How many such triangles in the hexagon? 
Then, the whole area (A) of the polygon is 

6 x side x \ apothem. 



But 6 times a side is the perimeter (jP) of the poly- 
gon; therefore, we have for the area of hexagon, 

A = Px^ apothem. 

Produce the apothem to the circumference. 

Draw sides and apothem of a dodecagon. Find 
length of apothem and area of dodecagon. The 
area of dodecagon is greater than the area of the 
hexagon. 

In like manner, if we increased the number of the 
sides of the inscribed polygon to 24, 48, 96, and so 
on, the area of the polygons would be 

i = Px| apothem. 

If we should continue doubling the sides of the 
polygon, at last the perimeter of the polygon would 
very nearly coincide with the circumference of the 
circle, and the apothem would become the radius of 
the circle, and like the polygons, the area of the 
circle would be 

A = circumference x J radius. 

Circumference is 3.1416, diameter 1. What is the 
area ? 

LESSON LXII. 

Circles are similar surfaces, and their circumferences 
are to each other as their diameters; or the circum- 
ferences and diameters have a common ratio. 
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To find this ratio is a very important problem. 

It is the celebrated problem of squaring the circle, 
which no sane person now attempts to solve. And 
yet it is no more difficult than finding the square root 
of 2, which we can imagine perfectly as the diagonal 
of a square, calling the side 1, but cannot express 
exactly in figures. 

With a slip of writing paper, which is better than 
a string, measure very carefully the ends of several 
spools or cylinders of different sizes, and compare their 
circumferences with their diameters. 

You should find the circumference nearly 3| times 
the diameter. 

More exactly and near enough for all practical pur- 
poses, the ratio is found to be 3.1416. 

It is called it (Pe), the name of the Greek letter P. 

So 7r always stands for the number 3.1416. tt = 3.1416. 

Then for the circle we have, 7rX-D = circumference, 

, ,. circumference 
and D= 

7T 

As D = 2r, or diameter equals twice the radius, 
2 irr = circumference. 

Area = circumference x \ r, or 27rrx£r = 7rr 2 =area. 

7rr 2 =area, then r=\ . Read these expressions in 

' 7T 

words. 

Ex. 1. Area of circle, radius 6 feet, is what? 

Ex. 2. Area, radius 12 feet, is what? Compare 

with No. 1. 

(71) 



LESSON LXII1. 

How many degrees in a circumference? 

If the circumference is given, how is the length of 
one degree found? 

Call the circumference of the earth 25,000 miles; 
what is the length of a degree of latitude? 10°? 
Width of the temperate zone in miles? 

A sector of a circle is a part of its surface bounded 
by two radii and the arc intercepted by them. 

To find the area of a sector, we must know the 
radius and the angle at the center, or length of the 
arc on which it stands. Area = arcx£r. 

Find area of sector, radius 200 feet, angle or arc 30°. 

A part of the circle bounded by an arc and its 
chord is a segment. 

If we know the length of the chord, radius, and 
angle at the center, we can find area of the segment. 

First find area of the sector of which the segment 
is a part, from that subtract the area of the triangle 
formed by radii to the chord. 

Draw two concentric circles. 

area of larger = 7ri2 2 , 

area of smaller = irr 2 ; 
then area of ring = irH? — nr 2 , 

or =7rOR 2 -r 2 ). 

What is the area of a ring, radius of outer circle 
12 inches, of the inner 10? 
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LESSON LXIV. 

What is a tangent? 

Are the two tangents to a circle from the same 
point equal ? 

Draw any quadrilateral about a circle. Prove that 
the sum of two opposite sides is equal to the sum of 
the other two sides. 

Ex. 1. Radius of a circle is 6 feet. Find length of 
a tangent from a point 10 feet distant from the center. 

Ex. 2. A boy fastens one end of a rope 20 feet 
long to a stake ; how large a lot can he walk around 
with the other end? 

Of rectangles of the same area, which has the least t 
perimeter? 

Area of a circle is 400 square feet, what is the 
radius ? Diameter ? Circumference ? 

What is the perimeter of a square containing 400 
square feet? Which has the least perimeter for the 
same area, the square or the circle? 

Of all figures then, we say, 

The circle has the maximum area with a minimum 
perimeter. 

Ex. 3. A man having a circular farm of a thousand 
acres, with his house at the center, agreed to give to 
each of his three sons a farm if they would divide it 
as he directed. They must reserve for him the largest 
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triangle that could be made in the circle ; their farms 
must be of the same size and shape, and two touch 
each other and his at each corner; they must build 
a house on their farm at the nearest point to his. 

How many acres did he reserve? How many did 
a son receive ? Distance of their houses from his and 
from each other? Shortest distance from their house 
across their farm? Longest distance on each farm 
from the house? 



LESSON LXV. 

If you cast the shadow of a circular hoop or ring 
on the wall in one position, it will be a circle ; revolve 
the ring slowly on a diameter, and the shadow will be 
a succession of beautiful curves, growing gradually 
narrower, until it becomes a straight line. 

This flattened curve is an ellipse. It is a curve of 
very great importance in geometry, in art, in engineer- 
ing, and especially in astronomy; for the earth and 
other planets, in their revolution around the sun, 
describe ellipses. 

Fasten with pins the ends of a string, a little longer 
than the distance of the pins apart; with the point 
of a pencil, keeping the string constantly stretched, 
you can describe an ellipse. 

The points made by the pins are the foci. 

Midway between the foci is the center. 
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The longest diameter through the center and foci 
is the major axis. 

The shortest diameter is the minor axis. 

All chords through the center are diameters. 

The distance of a point in the curve from a focus 
is a radius vector. 

From the method of drawing an ellipse, it is evident 
it is a curve, the sum of the distances of any point in 
which to the foci is always the same. 

The sum always equals the major axis. 

The distance from the center to a focus is the 
linear eccentricity. When it is zero the ellipse 
becomes a circle. 

Draw several ellipses with different eccentricities. 

Let semi-major axis =a, semi-minor axis = 6; then 

area of ellipse is 

A = 7rab. 

For ellipses of small eccentricity, the perimeter is 
nearly 

P=27rVab. 



LESSON LXVI. 

If two boys hold a string longer than the distance 
between them, and a third boy keeping the string 
stretched and slipping through his fingers, walks 
around them, what is his path? 
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How much space will he walk around if the string 
is 10 feet long, and the boys stand 8 feet apart? 

The distance from the end of the minor axis to the 
foci must be what? 

There are two other curves related to the circle 
and ellipse, called parabola and hyperbola. 

The four are called conic sections. Because they 
can all be made by cutting a right cone properly. 

If the cone be cut by a plane parallel to the base, 
the section is a circle. 

Cut through the cone obliquely, the section is an 
ellipse. 

A section parallel to a side is a parabola. 

A section parallel to the vertical axis is an byper- 
bola. 

A section inclined to axis, not an ellipse or parab- 
ola, is an hyperbola. 

It will not be time lost if the pupil cuts a cone 
from a potato or turnip, and makes the conic sections. 

A spiral is a curve that starts from a point and 
goes round and round, constantly getting farther and 
farther from the starting-point, never returning into 
itself. 

Of all these curves only the circle is treated of in 
common geometry, though there is no good reason 
why the rest should not be studied by pupils of 
average ability. 
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LESSON LXVII. 

If the sides of a rectangle are 6 and 12, then 2, 3, 
4, 5, etc., times 6 and 12, or £, J, etc., of 6 and 12 
will be the sides of similar rectangles. Why? 

Equal multiples of quantities have the same ratio 
. as the quantities themselves. 

Let a and b represent the sides of any rectangle 
that can be imagined. 

The area of any rectangle is 

A=ab. 

Let m be any number, whole or mixed, or a frac- 
tion ; then, m • a and m • b will represent the sides of 
all rectangles similar to the rectangle ab. 

The area will be 

A=m*axm'bj 
or A=m 2 *ab. 

The ratio of these areas is 

m 2 *ab « 

- — =m*. 

ab 

The ratio of the homologous sides is 

ra« a 
a 

then, the ratio of the areas bf similar rectangles is 
the square of the ratio of their homologous sides. 
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Or, square the homologous sides a and m • a ; we 
have a 2 and m 2 • a 2 ; comparing them, we have 



m 2 - a 2 « 
— r — = wr 



that is, the areas of similar rectangles and the squares 
of their homologous sides have a common ratio. 

In other words, the areas of similar rectangles are 
as the squares of their homologous sides. 

Substitute in the above statements, surfaces for rec- 
tangles, and lines for sides, and they will be true for 
all similar plane figures. 

If a, J, c are the sides of a triangle, what kind of 
a triangle will it be if a 2 =6 2 +c 2 ? If a, J, c are all 
equal? If they are unequal? If only two of them 
are equal? 

a, ft, c are the sides of any triangle whatever ; then 
wi«a, m»6, m-c are what? 

Can either side of a triangle be greater than the 
sum of the other two? 
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PART II. 
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LESSON LXVIII. 

How many lines can you draw to pass through 
one point in a plane? To pass through two points? 

We can imagine a line drawn through the center 
of a sphere. 

Lines could be drawn from every point of the sur- 
face through the center; that is, lines can be drawn 
in every possible direction through a point in space. 
The lines are not limited to a single plane. 

Take a call-card; place a point in the center. The 
point is in the plane ; or, we may say, the plane 
passes through the point. 

The plane may be revolved about the point in any 
direction, being a different plane really every time it 
moves ; and so any number of planes may be made to 
pass through a point. 

Divide an orange or apple into halves. Imagine a 
line from the stem through the center ; put the halves 
together, pass another plane through the line at right 
angles to the first plane. 

As both planes pass through the center and stem, 
their intersection must be the line through the cen- 
ter, called an axis of the sphere. 

Can other planes be passed through the axis ? 

Then, neither one point, nor two points, nor a line 
can fix a plane in one position, or, as we say, can 
determine a plane. 
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Take a third point on the surface not in the axis. 
Can you pass more than one plane through it and 
the center and stem? Then three points not in the 
same line determine a plane ; or, one plane can always 
be made to pass through three points taken anywhere 
in space. 

For we can imagine any two of them connected by 
a line; through it pass a plane, and revolve it until 
it includes the third point. 



LESSON LXIX. 

Name some planes in the room that intersect in a 
straight line. 

What kind of an angle do the sides of a cube or 
the room make? 

An angle made by two planes is a dihedral angle. 

As with plane angles, dihedral angles may be acute, 
right, or obtuse, complementary or supplementary. 

For, planes may be parallel, perpendicular, or oblique 
to each other. 

A line also may be parallel, perpendicular, or 
oblique to a plane. 

Draw a diameter across each of two call-cards, each 
diameter perpendicular to the edges of the card. 

Make a dihedral angle, placing the cards with 
diameters meeting at the edge or intersection of the 
planes; the angle made by the perpendiculars is the 
dihedral angle made by the planes. 
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When two planes come together or intersect, the 
dihedral angle is the angle made by two perpendicu- 
lars to their intersection, one in each plane drawn 
to the same point. 

When a plane intersects two parallel planes, the 
lines of intersection are parallel. Point out cases in 
the room, in the cube, etc. 

Open the book to different dihedral angles. 

When three angles, or three planes, make a solid 
angle or corner, it is called a trihedral angle. Are 
there any in the room? 

In the cube? Mention many. 

What kind of angles make the solid angle or cor- 
ner of the room? 

Can you make a solid angle with four right angles ? 

A solid angle made by three or more planes is a 
polyhedral angle. 

Cut four equal equilateral triangles. Can you make 
a solid of them? How many faces has it? Edges? 
Polyhedral angles? Are they equal? Are the faces 
equal? It is a tetrahedron. 

It is one of five solids called regular polyhedrons. 
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LESSON LXX. 

A regular polyhedron has all its solid angles formed 
by the same number of equal regular polygons. They 
can each be made with a single piece of paper, properly 
cut and folded. 

Draw the four equal equilateral triangles, and fold 
them into the tetrahedron. Or, 

Draw on thick cardboard an equilateral triangle, 
side 2 inches. 

Join middle points of sides. Cut out the triangle 
and cut half through the median lines and fold into 
tetrahedron. 

Drawing the faces of a polyhedron in one figure-, 
so as to fold it into the shape of the solid, is developing 
the surface of the solid. 

The next is the hexahedron, a regular solid with 
six equal faces, each a square. Have you ever seen 
one ? How many corners has it ? Edges ? What is its 
common name ? Develop its surface ; cut and fold it. 

Draw a rectangle 4 inches by 1 inch. Divide into 
four squares. On each side of the second square draw 
another. Cut and fold. 

Each corner of the cube is a tri-rectangular tri- 
hedral angle. For three right angles make the solid 
angle. 

Make a solid angle with four equal equilateral tri- 
angles. Make another. Put them together, making a 
model of a solid. 
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How many faces has it? Edges? Vertices? Is it 
a regular polyhedron? It is an octahedron. 

Draw an oblique parallelogram, sides 3 inches and 
1 inch; acute angle 60°. Divide into six equal equi- 
lateral triangles, side 1 inch. At each acute angle 
on the long side, draw an equilateral triangle on base 
of end triangle. Cut and fold the octahedron. 

Make a solid angle with five equilateral triangles, 
side 1 inch. Make another. Make an oblique parallelo- 
gram, sides 5 inches and 1 inch, acute angle 60°. 
Divide into ten equal equilateral triangles, and cut 
half through the sides. Make a solid of the three. 

How many faces has it? Edges? Solid angles? 
Is it a regular polyhedron? It is an icosahedron. 

Draw the parallelogram of ten triangles as above, 
and on each side five similar triangles. Cut and fold 
the icosahedron. 

LESSON LXXI. 

Can you make a solid angle with six equilateral 
triangles ? Why not ? 

Describe a circle, radius 1 inch. Draw the chords 
of 72°. What is the figure? Cut it out. With it as 
a pattern, cut five others. 

Also mark out an irregular belt of six pentagons 
joined by a side. 

Make a solid angle with three of the pentagons. 
Make another with the other three. 
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Make a polyhedron of the belt and the two solid 
angles. How many faces has it ? Edges ? Solid 
angles ? 

It is a dodecahedron. 

Another way to make it : draw a regular pentagon ; 
draw a similar one on each side of the first by pro- 
ducing the sides of the first each way with dotted 
lines until they intersect; the dotted lines are the 
bases of isosceles triangles : draw the equal sides equal 
to side of polygon. 

These six polygons are half the surface of the dodec- 
ahedron. Cut it out. Cut another and make the 
solid. 

To develop its surface, draw six pentagons as above ; 
take the side of one; produce its adjacent sides with 
dotted lines to their intersection : the dotted lines are 
bases of isosceles triangles, whose sides are the sides 
of a pentagon. Draw them. 

On side of the last opposite side first taken, draw 
another pentagon as before. On the last draw a pen- 
tagon on each side. Cut and fold. 

Can you make a solid angle using five pentagons? 
Four? Why not? 

Can you make a solid angle with three hexagons? 

Then there can be only five regular polyhedrons. 
Name them. What is a polyhedron? 
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LESSON LXXII. 

A solid bounded by six equal square faces is called 
what? 

What is a cubic inch? Cubic foot? Cubic yard? 
Cubic meter? Cubic centimeter? 

They are units of measurement of solids or space. 

The inside dimensions of a box are 10 inches x 8 
inches x 6 inches. 

How many cubic inches can be placed on the bottom? 

How many layers of 80 will fill the box? How 
many cubic inches, then, will it hold? 10x8x6. 

To find the cubic contents of a box, what must we 
do? 

The volume of a solid is the space it occupies. 

The volume of a room is the space it encloses. 

Find volume of room, 32x30x14 feet. 

How many cubic inches will it take to make a 
cube, side 2 inches? Side 3 inches? 

Solids bounded by rectangles are called rectangu- 
lar parallelopipeds. 

Bricks, blocks of stone, boxes, rooms, etc., are ex- 
amples. 

To find their volume, we multiply the product of 
length and width by the height or thickness. Thus, 
if the three dimensions are a, 6, c?, the volume is 

V=abc; 
V h V „ V 
be ac ab 
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Read the formulas in words. 

m - a, m-b, m- c, will be the dimensions of any simi- 
lar solid, m being the common ratio of the homolo- 
gous sides of the solids. 

The volume is V=m • a x m • b x m • <?, 

or V=m z -abc. 

Comparing volumes, 

m s • ahc o 

— = m 3 ; 

abc 

that is, 

The ratio of the volumes of similar parallelopipeds 
is the cube of the common ratio of two homologous 
lines of the solids. 

The same is true of all similar solids. 



LESSON LXXIII. 

Compare the surfaces of three cubes, sides of which 
are 1 inch, 2 inches, and 3 inches. Volumes? 

Which has the greatest surface in proportion to 
its volume? 

Compare two rectangular parallelopipeds, similar, 
and ratio of homologous sides, 2. 

Cut an orange in halves. 

Each half is a hemisphere and is bounded by two 
surfaces; a plane one which is a great circle of the 
whole sphere or orange, and a spherical surface that 
is just twice the area of the plane surface. 
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Cut a half into quarters. 

How many surfaces has the quarter? 

The area of the spherical surface of the quarter is 
the area of a great circle. 

Area of each plane surface is ? 

Cut a quarter into eighths by a plane through the 
axis as before. 

The three surfaces of the eighth are of equal area. 

To what is each equal? 

As the sphere is divided into smaller parts, we see 
the whole surface increases; and we must conclude 
that 

The smaller the body, or solid, the greater its sur- 
face in proportion to its volume. 
• Take two spheres, radii 1 inch and 2 inches. 

Their surfaces are as l a : 2 s , or 1:4. 

Their volumes are as l 8 : 2 s , or as 1 : 8. 



LESSON LXXIV. 

Cut a^ sector from a circle. What is its area? 

Bring the radii and ends of the arc together. It 
makes a cone. 

How would you find the convex surface of a 
cone? 

The radius of the sector is the slant height of the 
cone. 
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The base is a circle, radius r ; 
perimeter of base = 2 7rr, 

area of base =7rr 2 , 

convex surface of cone = 2 *nr x slant height, 
entire surface = ir'fi + 2 irr x A, 

or 7rr(r+2A), 

A = slant height. 

Describe a semicircle with radius \ foot. 

Cut from it a sector of 170°. 

Form a cone with it by lapping the circumference 
at the base 10° or about ^ of an inch. 

(Have the paper firm and glue the edges strong.) 

Make a cylinder open at both ends, 1 inch in 
diameter and 1 inch high. Have a card for loose, 
top and bottom to the cylinder. 

Find how many times the cylinder will hold the 
contents of the cone. Use fine sand. 

Put an inch sphere into the cylinder. 

The cylinder will require one volume of the cone 
to fill both ends. Compare the three. 

The volumes of a cone, sphere, and cylinder, of the 
same height and diameter, are to each other as 1:2:3. 

The volume of a cone is J of the volume of a 
cylinder of the same base and altitude. 
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LESSON LXXV. 

A point may trace a line. A line may move over 
a surface. 

So we can imagine a surface to move through the 
space occupied by a solid; the side of a rectangle, 
for example. 

Some familiar solids are solids of revolution. 

If a right triangle revolves about a leg, what solid 
is generated? 

It is a right cone, because its axis is perpendicular 
to the base. 

If a rectangle revolves about a side, it generates 
a cylinder. 

A semicircle revolved on a diameter generates a 
sphere. 

A semi-ellipse revolved on its major axis generates 
an ellipsoid or prolate spheroid. 

Revolved on its minor axis, it generates an oblate 
spheroid. 

Cut a paper rectangle 2 inches by 3 inches. What 
is its area? Make a cylinder of it. What is the 
diameter of the base? Length or height? Area of 
both bases? Convex surface? 

If a circle moves on a line perpendicular to its plane, 
it traces a right cylinder. 

The volume of the cylinder is evidently the area 
of the base by height of cylinder. 
F=7rr2xA. 
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When diameter and height are equal, we have for 

volume of cylinder, F=27rr 8 ; 
inscribed sphere, V= £ 71-r 8 ; 
inscribed cone, F= $ Trr 8 . 

All solids similar to the above must have m*r for 
radius of circle. And their volumes would be 

r=27rm 8 -r 8 , etc. 

Compared with the first, 

27rr8 

that is, 

The ratio of the volumes of similar solids is the 
cube of the common ratio of their homologous lines. Or, 

Similar solids are as the cubes of their homologous 
lines. 

1. A 3-inch cannon-ball weighs 10 pounds ; a 6-inch 
weighs how much ? 

2. Compare the volumes of two oranges, 2 inches 
and 2£ inches diameter. 



LESSON LXXVI. 

If a surface moves at right angles to its plane, it 
traces a right prism. 

The volume of the prism is 

Area of base x height of prism. 
V=Axh. 
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The prism is called triangular, square, rectangular, 
or polygonal, according as the base is a triangle, square, 
rectangle, or polygon. 

If the base is a circle, what is the prism called? 

A pyramid is cone-shaped, and is called a triangular 
pyramid, a square pyramid, etc., according as its 
base is a triangle, square, etc., as with the prism. 

What must be the shape of one of its sides ? 

How would you find its surface, including the base ? 

S= base + perimeter of base x J slant height. 

A right cone, pyramid, or cylinder is one whose 
axis is perpendicular to the base. The axis is a line 
from the vertex to middle point of the base. 

Volume of cone or pyramid is 

F=J5xJ altitude, 
or V=Bx\h. 

The altitude of an oblique cone or pyramid is the 
perpendicular distance of the vertex from the base. 

The altitude of an oblique cylinder is the perpen- 
dicular distance between its parallel bases. 

Its volume, V=bxh. 

Ex. 1. Find volume of right cone ; radius of base 
2 feet ; height 12 feet. Slant height. Convex surface. 
Entire surface. 

Ex. 2. Find volume of a triangular prism; height 
10 feet; base an equilateral triangle; side 4 feet. Area 
of lateral faces. Area of bases. Entire surface. 
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LESSON LXXVII. 

We found the surface of the sphere equal to 47TT 2 ; 
or, four times the area of the generating circle, 

The volume of the sphere is £ irr 8 . 

Suppose the sphere to be made up of very small 
pyramids ; that is, their bases making the surface of the 
sphere exceedingly small, with all their apexes at the 
center. 

Then, the sum of the bases of the pyramids is the 
surface of the sphere, 4 irr 1 ; and the height of each 
pyramid is r. 

Therefore the volume of the sphere is 

47rr 2 x Jr, 
or K=^7rr 3 . 

Ex. 1. Suppose the earth a sphere with a radius of 
4000 miles. Find its surface and its volume. 

Ex. 2. Two globes have diameters, 4 feet and 6 
feet. Compare surfaces and volumes. 

If a semi-ellipse revolves around its minor axis (2 6), 
the volume of the oblate spheroid is V—^7ra 2 b. 
Revolved around its major axis (2 a), the volume 

of the prolate spheroid is V=——atP. 

* 6 

Ex. 1. Axes of ellipse are 4 and 6. Volume of prolate 

spheroid is ? Volume of oblate spheroid is ? 
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LESSON LXXVIII. 

If a circle revolves about its diameter (Pp) and 
points A, 2?, (7, 2), . . ., P, be taken in one quadrant, 
and points 6, c?, rf, . . .,^?, be marked in the other quadrant, 
what will be the paths described by these points? 

Which point describes the largest circle? A is 
equally distant from the poles (Pp) of the axis, and 
the circle it describes is called a great circle of the 
sphere or equator, with reference to the poles P and p. 

All other points from A to P and from A to p, 
describe smaller and smaller circles on the sphere, 
until we get to P and p, which are simply points or 
the ends of the axis of revolution. 

In speaking of the earth, we call them (^?, P) the 
north pole and the south pole. 

Circles made by points between A and P, or A and 
Pi are called parallel circles of latitude, each divided 
into 360° of longitude. 

Great circles through the poles are meridians, and 
each divides the globe into hemispheres. 

Latitude is measured on a meridian from the equator 
to the pole, so there can be only 90° of latitude north, 
and 90° of south latitude. 

Longitude is measured on the equator or a parallel, 
from a meridian 180° each way, or half round the 
sphere. And is called east or west longitude according 
to its direction. 
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The shortest distance between two points on a sphere 
is measured on a great circle through them. 

If we call radius of the earth 4000 miles, how long 
is a degree of latitude? 1 minute? 1 second? 

How long is a degree of longitude on the equator? 



LESSON LXXIX. 

If a and b represent two numbers, the square root 
of their product Vab is called the mean proportional 
between a and b. 

Thus, 4x9 = 36, V36 = 6, and 6 is the mean pro- 
portional between 4 and 9 ; that is, 4 : 6 : : 6 : 9. 

If the upper part of a cone or a pyramid is cut 
off by a plane parallel to the base, the lower part is 
called the frustum, of a cone or pyramid. 

The section parallel to the base is a circle or polygon 
similar to the base. 

Surface of the frustum is 

aS = bases + lateral faces. 
Volume is F= (J5+& + Vi#>) x - 5 

that is, the volume of the frustum is equal to the 
sum of the areas of the bases and their mean propor- 
tional, multiplied by J of its height. 

Thus height of frustum of a cone is 20 feet, radii of 
bases 4 and 9 feet. Volume? 
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Area of lower base = QPxir 

Area of upper base = 4 2 X7r 

Mean proportional A /(4x9) = 6= 6 2 X7r 
Adding areas =133 xir 

Therefore, volume is 

133xttx^= ? 

Ex. 1. Find entire surface of frustum of a pyramid ; 
lower base 9 feet square, upper 4 feet, height 10 feet. 
Find volume. 



LESSON LXXX. 

Ex. 1. Height of right cylinder is 8 feet, radius of 
bases 2 feet. 

a. Find area of bases. c. Entire surface. 

b. Convex surface. d. Volume. 

Ex. 2. Find volume of the hexagonal prism that 
will just go into the above cylinder. 

a. Its lateral surface. b. Area of bases. 

E. Entire surface. 

Ex. 3. Find volume of cone to fit above cylinder. 
a. Its convex surface. 6. Its entire surface. 

Ex. 4. Find volume of square pyramid that will 
go into the cylinder. 

a. Area of base. b. Convex surface. 
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LESSON LXXXI. 
Theorems and Problems. 

A theorem is a proposition to be demonstrated. 
A problem is something to be done with the ruler 
and compasses. 

1. When two straight lines intersect, if one angle 
is a right angle, the other three are right angles. 

2. In a triangle, the greater side is opposite the 
greater angle. 

3. The perpendicular is the shortest distance to a 
line from a given point. 

4. The lines bisecting two supplementary adjacent 
angles are perpendicular to each other. 

5. What is the locus of a point always equidistant 
from the extremities of a given line? 

6. If two right triangles have an acute angle and 
one leg in each equal, the triangles will be equal. 

7. What is the length of a line from the right 
angle to middle of hypotenuse? 

8. Bisect a line; an angle. 

9. Trisect a right angle, opening the compasses only 
once. Radius is chord of 60°. 

10. Make a square double the area of a given 
square. 

11. The locus of a point, the square of the distances 
from which to two fixed points is constant, is what? 
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12. The sum of all the angles of a quadrilateral 
equals what? 

13. Sum of the angles of a pentagon? Hexagon? 
Any regular polygon? 

14. Sum of the exterior angles, formed by produc- 
ing sides of a polygon, is what? 

15. Make a rhombus having both diagonals given. 

16. Construct a rectangle, the perimeter and one 
side being given. 

17. How would you go from the middle of one end 
of a room to the opposite point, touching a side, and 
make the shortest journey? 

18. The area of a triangle is equal to the square 
root of the product of half the sum of its sides, and 
the difference between the half sum and each side. 

Sides are 9, 12, and 15; required the area. 

19. Diameter of circle is 100. Find area of in- 
scribed square; of inscribed hexagon; of inscribed 
equilateral triangle; area of similar circumscribing 
figures. 

20. Draw, freehand, triangle with sides a, 5, and c; 

(1) When they are unequal. (3) When a = b. 

(2) When they are equal. (4) When a 2 + h 2 = c 2 . 
Give a, J, and c any values. 

21. Construct : 

a, a — 5, afi, (a + #) (a — 6), 

a + b, a 2 , (a + 5)(a + 6), (a-6)(a-6). 
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The pupil can make a protractor by pasting one of the above on a stiff 
piece of paper and carefully cutting it out. 
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Two Years with Numbers. 



A book for Second and Third Year Pupils. By Charles E. White, Principal 
Franklin School, Syracuse, N. Y. Cloth. 207 pages. Introduction price, 35 
cents. By mail, 40 cents. 

THIS book is intended to be put into the hands of pupils at the 
beginning of the second year (or when they have mastered all 
combinations to 10) and used for two years. It deals with numbers 
thoroughly and progressively, using easy fractions and Roman num- 
erals from the beginning. Each lesson takes up a single page and 
presents a variety of matter made up from work that has been long 
tried and approved by the very best Primary teachers. A notable 
feature is the simplicity of the language and the means by which full 
comprehension of its meaning is secured. Original problem pictures 
and problem making are required. 

A. B. Blodgett, Supt. of Schools, Syr- 
acuse, N. Y, : I know this book will meet 
a great need in primary number teaching in 
our public schools. It will not only do 
away with just criticisms on exclusive 
blackboard work, — straining of the eyes, 
etc., etc., but it will correct the evil of ab- 
breviated questions and hastily, blindly and 
incorrectly worded problems. It comes as 
a boon to primary pupils and teachers and 
will lead to more progressive thinking and 
doing. 

L. McCartney, Supt, of Schools ; 
Hannibal, Mo. : The plan of the book is 
excellent. No teacher can follow the 
spirit of it without reaping rich results and 
none will be misled by its letter. 

{Jan. 13, '92.) 

W. H. Hatch, Supt, of Schools, Mo- 
line, III. : I am pleased with what I see 
upon looking hastily through the book. I 
want to give it a trial. {Jan. 2I » '9 2 -) 

I. N. Mitchell, Supt, Schools, Fond 
du Lac, Wis. : I find it is a good book. I 
like its plan and its contents. 

J. S. McClung, Supt. of Schools, 
Pueblo, Colo. :. It appears to me to be an 
excellent book 



Miss B. Harding. Buffalo, N.Y.: 
It seems to be just what we have been 
looking for, and we hope to be able to in- 
troduce it into our schools. (Jan. 14, '92.) 

Wm. E. Buck, Supt, of Schools, 
Manchester, N H,: The material and 
arrangement of the lessons are admirable 
and unusually well adapted to the purposes 
for which they were designed. 

{Jan. 13, '92.) 

A. I. Bran ham, Supt. of Schcoh, 
Glynn Co., Ga.: I am greatly pleased 
with it and shall introduce it in our schools 
next fall. {Jan. 12, '92.) 

L. B. Fowler, Supt. of Schcols, 
Dunmore, Pa. : I like the book. It 
ought to take well. It is just the book in 
the primary department. {Jan. 14, '92 ) 

S. S. Kemble, Supt. of Schools, 
Rock Island, IlL: The book carries an 
air that attracts and interests. It pleases 
me very much. {Jan. 22, '92. ) 

H. M. Sawyer, Council Bluffs, fa. : 
For years I have felt the need of a simple 
practical book in numbers for second and 
third grades. This is just the book, and 
I cordially give it my endorsement. 
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Complete Graded Arithmetic. 

By George E. Atwood, Principal of Grammar School, Tarrytown, N.Y. Part 
First. For Fourth and Fifth Grades. Cloth. 200 pages. Introduction price, 
30 cents. Price by mail, 35 cents. Part Second. For Sixth, Seventh, and 
Eighth Grades. Half leather. 382 pages. Introduction price, 55 cents. Price 
by mail, 75 cents. 

THESE books present a carefully graded course in arithmetic to 
begin with the fourth grade, or fourth year, and continue through 
the eighth grade. They are a departure from the stereotyped text- 
books in this subject. The departure consists in an entirely new and 
different plan and arrangement of the work and in the omission of much 
commonplace theory usually contained in arithmetics. 

All needed work for a course in arithmetic extending over five years 
is planned, prepared, and arranged. This statement implies : — 

1. That the work is planned for the teacher in every respect. It is 
first divided into grades, the work of a grade being the work for one 
year. The division of the work by topics does not appear. The work 
of each grade is divided into 150 lessons, each lesson being intended 
for a day's work. The order and time of presenting new work are 
indicated by notes to teachers. These notes are given at the end of 
lessons, and they indicate that new work will begin in the next lesson. 

2. That there is abundance of work to develop skill in the funda- 
mental processes of arithmetic, and that there is also a sufficient 
amount and variety of work to secure the greatest possible development 
of intellectual power. 

3. That each lesson has its review as well as new work. 

4. That, in view of the unusual amount of all kinds of needed work, 
no supplementary work will be needed, either for the purpose 01 
reviews or for the purpose of giving additional work. Teachers are thus 
relieved of the burden of providing supplementary work. 

5 . That these books can be used with the minimum amount of labol 
on the part of the teacher and with the best possible results. 

This book forms with the White's * * Two Years in Numbers ' 
(designed for second and third grades) a complete course in aritk 
metic for graded and common schools. 



Geo. Griffith, Supt. Schools, Utica, 
N. Y. : They are decidedly and refresh- 
ingly out of the usual rut. {Dec. 21, 1893.) 



J. O. Brigfirs* Co. Supt. Schools , Mt 
Sterlings Ills. : I like them better than any- 
Arithmetic I have seen. (Dec. 2<;, i8q-\) 
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The New Arithmetic. 



By 300 authors. Edited by Seymour Eaton, with Preface by Truman 
Henry Safford, Professor of Astronomy, Williams College, Mass. Fifteenth 
Edition. Cloth. 230 pages. Price by mail, 75 cents. Introduction price, 65 
cents. 

THE exercises in this book were selected from more than three 
hundred contributions sent to the editor by teachers in all parts 
of the world. Explanations of theory were purposely omitted — the 
endeavor having been to prepare a pupiPs hand-book of exercises. 
The practical character of the book will commend it to all who have 
at heart the mental development and the business success of their 
pupils. All problems requiring much labor and affording very little 
practical or intellectual benefit have been avoided. It is so graded 
that the elementary departments prepare the pupil for the study of 
algebra, geometry, and the higher mathematics, while the more ad- 
vanced work prepares him for the active duties of e very-day life, and 
at the same time gives him such mathematical training as he may not 
have time to secure in any other way. There is a complete set of 
answers, which may also be had bound separately. 



H. F, Fiflk, Prin. Prefy School of 
Northwestern Univ., III. : I very cordial- 
ly admire it. It is superior to any other 
I have seen in the adaptation of its exer- 
cises to develop in the pupil the habit of 
rapid and accurate work. 

Albert Q. Boyden, Prin. State 
Normal School^ Bridgewater, Mass.: It 
is a. valuable book for examples. They 
are well selected and in good variety. We 
have found it very useful for drill work. 

H. Conover, St. PauVs School, Con- 
cord, N. H. : I am greatly pleased with 
it All good teachers, I think, will admit 
that for the average student methods are 
best taught and explained viva voce, and 
what one needs for his pupils is just what 
this book gives, — plenty of good ex- 
amples and a few hints. 

C. L. Hunt, Supt. of Schools, Brain- 
tree, Mass. : It is giving much pleasure 
and satisfaction 



W. H. McFarland, Prin. Pearl St. 

Schools, Springfield, Ohio : I have used 
it ever since it came out. I never saw an 
arithmetic worth one-tenth to me that this 
one is. 

Q. I. Hopkins, Instructor in Mathe- 
matics and Sciences, High School, Man- 
chester, N. H. : I have examined it with 
an interest that gradually grew to enthus- 
iasm. It is a book after my own idea. 

C. S. Campbell, Prin. McCollom 
Inst., Mt. Vernon, N. H.: I like the 
book for our use better than any other 
that I have seen. I expect to continue its 
use. I like it for its omission of artificial 
methods, set rules and tables, and obsolete 
or useless subjects. 

J. H. Lee, Supt. of Schools, Riley 
Co., Kans.: I think it the completest 
work of the kind I have ever seen. It 
gives the facts and principles of arithmetic 
in a nutshell and there is apparently not a 
superfluous word in the book. 
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Academic Algebra. 



By E. A. Bowser, Professor of Mathematics, Rutgers College, New Bruns- 
wick, N. J. Half leather. 366 pages. Price by mail, #1.25. Introduction 
price, $1.12. 

I'* HIS work is designed as a text-book for common and high schools 
. and academies, and to prepare students for entering colleges and 
scientific schools. The book is a complete treatise on Algebra up to 
and through the Progressions, and including Permutations and Com- 
binations and the Binomial Theorem. For students who have not 
sufficient time to take the College Algebra, this perhaps is the better 
book; but those who contemplate entering college, or who wish to 
take a complete course in Algebra, may as well begin at once with the 
larger work. 



C. E. Campbell, Prin. of Cayuga 
Lake Acad., Clinton, N. Y. ; An excellent 
work, clear and concise ; and I feel sure 
it will meet with success. 

C. P. R. Bellows, Teacher of Math., 
Normal School, Ypsilanti, Mich.: It 
must be well received by teachers gen- 
erally. Its strong point is the great care 
the author takes that everything shall be 
understood by the learner. 

Paul H. Hanus, Prin. of High 

School, Denver, Col. : The book has 
many excellent features which commend 
it to teachers of elementary Algebra, chief 
among which are the admirable arrange- 
ment of the subject-matter, and the clear 
%nd interesting way in which new sub- 
jects are introduced, i.e., by giving par- 
ticular examples before the general 
statement of the principle involved. 

H. W. Carter, Prof of Math., Rob- 
Hns School^ Norfolk, Conn. : I consider 
it an advance over any other with which 
I am familiar. 

D. S. Green, Prof of Math., Glen- 
wood Coll. Inst., Matawan, N.J.: The 
remarkable clearness and accuracy of 
every definition, statement and explana- 



tion, the excellent arrangement and sub- 
ordination of subjects, and the proper 
adjustment of definition and illustration, 
make it the best algebra I have seen. 
The system of references, and the ex- 
planatory notes, which will certainly do 
a great deal toward giving the student 
clear conceptions, deserve especially 
favorable mention. 

H. Wilson, Pres. OakdaU Sent., 

Oakuale, Neb. : In the systematic de- 
velopment of algebraic science from its 
elementary principles, I have seen no 
treatise so practical for the class-room 
as this. % 

C. T. R. Smith, Prin. of Academy, 
Lansingburgh, N. Y. : I find many excel- 
lent features in the book, among which 
I might mention the careful treatment 
of negative numbers and subtraction, 
factoring and G. C. D., and especially 
the solution of quadratics by factoring. ' 

W. W. Storms, Prin. of Academy, 
Mechanicsville, N. Y. : I regard it the. 
best work of the kind I have yet found ; 
you have struck the happy medium — 
a book neither too elementary nor too 
abstruse. 
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Plane and Solid Geometry. 

By E. A. Bowser, Professor of Mathematics, Rutgers College, New Bruns- 
wick, N. J. Half leather. 402 pages. Price by mail, $140. Introduction 
price, 31.25. Plane Geometry. 250 pages. Introduction price, 75 cents. 

THIS work combines the excellences of Euclid with those of the best 
modern writers, especially of Legendre and Rouchd and De Com- 
berousse. It aims to effect two objects : (1) to teach geometric truths ; 
(2) to discipline and invigorate the mind — to train it to habits of clear 
and consecutive reasoning. 

A few symbols and abbreviations of words have been freely used, 
but only such as have long been employed by mathematicians and 
teachers. 

, The exercises are very numerous. Those at the end of each book 
have been carefully graded, with hints appended to many of the more 
difficult ones. It is only in original demonstration that the student 
can acquire mental power. A subject^ can become known to him only 
by his thinking upon it. To teach the student to think is the most 
important part of the teacher's work, and it is the most difficult. 



H. J. Eddy, Act. Pres. of Univ. of 
Cincinnati, O.: I am pleased with the 
judicious selection of material, the clear 
and compact notation, and the general 
typographical beauty of the book. 
{June 23, 1890.) 

Dascom Greene, Prof, of Math,, 
Rensselaer Poly. Inst., Troy, N. Y. : A 
cursory examination convinces me that 
it is a text-book of decided merit. 
{June 6, 1890.) 

G. B. Merriman, Prof. Math., 
Rutgers Coll. : It impresses me so favor- 
ably I shall adopt it in the class-room. 
{June 7. 1890.) 

G. B. McElroy, Prof, of Math., 
Adrian Coll., Mich. : In all the elements 
of a first-class text-book it has no supe- 
rior. {June 13, 1890.) 

. M. P. Lackland, Prof, of Math., 
Chaddock Coll., Quincy, III. : I like the 
book. Its gradation is excellent ; state- 



ments clear; exercises numerous and 
practical. The whole book is full of 
good common sense. {Dec. 6, 1890.) 

Paul H. Hanus, Prin. of High 
School^ Denver, Col.: I like the book. 
It has the good points of the one we are 
now using, and the discussions are in 
some respects superior. (June 17, 1890.) 

James E. Harlan, Prof, of Math., 
Cornell Coll., Iowa : The objects de- 
signed in this book are most commend- 
able, and so far as I have examined, these 
objects are effected. {June 18, 1890.) 

C. T. R. Smith, Prin. of Acad., Lan- 
singburgh, N. Y. : It is a meritorious 
book. The excellences that have par- 
ticularly attracted my attention are, (1; 
the careful development of the geometri- 
cal ideas in the beginning ; (2) the terse 
and clear definitions; (3) the abun 
dance and careful gradation of the ex- 
ercises. (.7*"* 2 8, 1890.) 



Algebra and Geometry. 

Academic Algebra. 

By £. A. Bowser, Prof, of Mathematics, Rutgers College. Half leather. 
366 pages. Price by mail, $1.25. 

This work is designed as a text-book for common and high schools 
and academies, and to prepare students for entering colleges and scien- 
tific schools. The book is a complete treatise on Algebra up to and 
through the Progressions, and including Permutations and Combinations 
and the Binomial Theorem. For students who have not sufficient time 
to take the College Algebra, this perhaps is the better book ; but those 
who contemplate entering college, or who wish to take a complete 
course in Algebra, may as well begin at once with the larger work. 

College Algebra. 

Half leather. 558 pages. Price by mail, $1.65. Introduction price, $1.50. 

This work is designed as a text-book for academies, colleges, and 
scientific schools. It begins at the beginning of the subject, and the 
full treatment of the earlier parts renders it unnecessary that students 
who use it shall have previously studied a more elementary algebra. 

Plane and Solid Geometry. 

Half leather. 402 pages. Price by mail, $1.40. Introduction price, $1.25. 

This work combines the excellences of Euclid with those of the best 
modern writers, especially of Legendre and Rouche* and De Com- 
berousse. It aims to effect two objects : (1) to teach geometric truths ; 
(2) to discipline and invigorate the mind — to train it to habits of clear 
and consecutive reasoning. 

Hopkins 9 Plane Geometry, on the Heuristic Plan. 
By G. I. Hopkins, High School, Manchester, N.H. Boards. 60 cents. 
The demonstrations are purposely incomplete, so that the pupil is 
compelled to master the subject instead of memorizing it. 
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